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ABSTRACT

The emerging world of quantum technologies aims at the creation and development of
practical applications basing on the consequences of quantum physics. Among these
one can find quantum communication, quantum computing, quantum metrology, or
quantum imaging. The main goal is to propose and implement solutions by taking
advantage of quantum phenomena like quantum superposition or quantum entangle-
ment. These, however, can lead to very surprising and even counterintuitive implica-
tions, research on which is interesting both from fundamental and practical perspec-
tives. A fundamentally interesting problem to address is the interaction of light in a Fock
state, |n〉, with a given number of absorbers, N . It offers insights into the very nature of
quantum mechanics, helping us to better understand the behavior of light and matter at
their most fundamental level. A number of applications were developed in this context
including secure quantum communication, quantum information processing, quantum
microscopy, or virtual-state spectroscopy, to name a few. This thesis is devoted to the
problem of light-matter interaction on a single-photon level. First of all, theoretical re-
search on the performance of a quantum ghost imaging setup is conducted. The spatial
mode profile of the illuminating photon is studied and interesting results regarding the
optical setup’s resolution and photon losses are obtained. Secondly, experimental work
demonstrating the interaction of a single photon with an ensemble of nitrogen-vacancy
(NV) centers in ambient conditions is performed. Quantitative results, regarding the dy-
namics of NV centers under single-photon excitation are obtained. Finally, experiments
aiming at the investigation of the interaction of a single photon with a given number of
NV centers, N , are run. The possibility of single-photon superradiance demonstration
in NV centers in diamond is verified and the signal-to-noise ratio limits for small values
of N are discussed.
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STRESZCZENIE

Celem powstającego świata technologii kwantowych jest tworzenie i rozwój praktycz-
nych narzędzi, bazujących na konsekwencjach płynących z zasad fizyki kwantowej.
Pośród nich można wyróżnić kwantową komunikację, obliczenia kwantowe, kwantową
metrologię, czy też obrazowanie kwantowe. Głównym zadaniem świata technolo-
gii kwantowych jest zaproponowanie oraz implementacja rozwiązań korzystających
z przewag zjawisk kwantowych, takich jak superpozycja czy splątanie kwantowe. Te
jednakże, mogą prowadzić do bardzo zaskakujących i nieintuicyjnych implikacji,
których badanie jest ciekawe zarówno z fundamentalnego, jak i praktycznego punktu
widzenia. Fundamentalnie interesującym zagadnieniem jest oddziaływanie światła
w stanie Focka, |n〉, z określoną liczbą absorberów, N . Daje ono wgląd w samą naturę
mechaniki kwantowej, pozwalając na lepsze zrozumienie światła i materii na najbar-
dziej podstawowym poziomie. W tym kontekście opracowano szereg zastosowań, w tym
między innymi bezpieczną komunikację kwantową, przetwarzanie informacji kwanto-
wej, mikroskopię kwantową czy spektroskopię stanu wirtualnego. Niniejsza rozprawa
poświęcona jest problematyce oddziaływania światła z materią na poziomie pojedyn-
czych fotonów. W pierwszej kolejności przeprowadzono badania teoretyczne dotyczące
zachowania układu optycznego mogącego służyć do obrazowania koincydencyjnego
(ang. ghost imaging). Zbadano profil przestrzenny fotonu oświetlającego i uzyskano
interesujące wyniki dotyczące rozdzielczości układu optycznego oraz strat fotonów.
Następnie, przeprowadzono prace eksperymentalne w ramach których zademonstro-
wano oddziaływanie pojedynczego fotonu z zespołem centrów azot-wakancja (NV, ang.
nitrogen-vacancy) w diamencie w warunkach otoczenia. Dodatkowo, otrzymano wyniki
ilościowe dotyczące dynamiki centrów NV wzbudzanych pojedynczymi fotonami.
Na koniec, przeprowadzono eksperymenty mające na celu zbadanie oddziaływania
pojedynczego fotonu z zadaną liczbą centrów NV, N . Zweryfikowano możliwość de-
monstracji nadpromienistości jednofotonowej w centrach NV w diamencie i omówiono
czynniki ograniczające stosunek sygnału do szumu dla małych wartości N .
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1
INTRODUCTION

CONTEXT

A fundamentally interesting problem to address in physics is the interaction of light in
a Fock state, |n〉, with a given number of absorbers, N . It offers insights into the very
nature of quantum mechanics, helping us to better understand the behavior of light and
matter at their most fundamental level. A lot of work has been done so far in this field
both from the theoretical and experimental perspectives. From a chronological point
of view, one should begin with Edwin Jaynes and Fred Cummings work and their fully
quantum description of the two-level atom with quantized electromagnetic field inter-
action [5]. This description, however, covered only the interaction of a single mode of
a quantum electromagnetic field with a single two-level atom. Therefore, the collective
effects of the absorbing and emitting atoms were not under their investigation.

Pioneering work on coherent emitters’ behavior was done by R. H. Dicke in 1954 [4].
Here, the radiating emitters were treated as a single quantum-mechanical system, and
a semi-classical approach was applied. The notion of superradiance was introduced
there for the first time to describe atoms, which, under certain conditions, were capa-
ble of emitting radiation at higher rates when compared to independent emission. The
enhanced rate scaled as the square of the number of atoms. It was also noticed that it
is possible to have an ensemble of emitters “such that spontaneous radiation occurs co-
herently in one direction” [4]. Radiation directionality in the context of superradiance
was discussed in detail by N. E. Rehler and J. H. Eberly [10]. It was shown that most of
the radiation is emitted in the direction of the plane-wave excitation pulse. Experimen-
tal work demonstrating superradiance was done by a number of groups, specifically on
color centers in diamond [17, 3, 1]. All these considerations, however, were done for exci-
tation with coherent states, which do not feature a well-defined number of photons. The
first work on single-photon excitation of an ensemble of atoms, including the radiation
emission directionality study, was done by Scully et al. [15]. The radiation emission rate
under single-photon excitation scales linearly with the number of atoms [14]. Single-
photon superradiance was already demonstrated on cold 87Rb atoms [11].

Except for single-photon-induced collective radiation emission, single-photons in-
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teracting with matter can be studied within a different context, i.e. imaging. Addi-
tional information can, in principle, be extracted from a sample when using quantum
light illumination with well-defined photon number statistics and the classical resolu-
tion limit can be beaten when exploiting NOON states [16, 2]. The process of Sponta-
neous Parametric Downconversion (SPDC) is a well-known method for generating pho-
tons in a Fock state. In this process pairs of photons correlated in their spectral, polar-
ization, and spatial degree of freedom [12, 8, 7] are generated. In the context of imaging,
correlations in the spatial mode are of great importance and lie at the core of quantum
ghost imaging [6, 9, 13]. This technique allows one to control the light interacting with
an atomic system in a microscopy setting, in particular including its spatial mode profile
(SMP). SMP of a light beam directly determines the lateral resolution of a microscope,
which is bound by finite-size optics and results in the fundamental diffraction limit.

CONCEPT

The aim of this thesis was to investigate light-matter interaction on a single photon level
with the use of nitrogen-vacancy (NV) centers in diamond. New insights into the NV
centers’ dynamics under single-photon excitation were expected to be gained. Addi-
tionally, as the single-photon superradiance, to the best of my knowledge, has not been
demonstrated on a solid-state platform so far, as a part of this thesis the possibility of its
demonstration was planned to be verified. Last, but not least, a better understanding of
the behavior of the SMP of a single photon used for object illumination in the quantum
ghost imaging setup was aimed to achieve together with the related resolution perfor-
mance. This was to be analyzed along with the photon loss problem which is critical
when considering practical aspects of single-photon applications.

LAYOUT

The thesis consists of scientific research, the results of which were partially published as
scientific articles, and partially described as a separate chapter in the body of this the-
sis. The thesis is devoted to the problem of light-matter interaction on a single-photon
level. It is divided into 8 chapters. The first chapter introduces the basic ideas and
the motivation behind conducting research in this direction. It is followed by a chap-
ter explaining the concept of a single photon together with its generation and detection
techniques. Specifically, the SPDC process is explained in detail as the SPDC-generated
single photons are considered in the research part of this thesis. The third chapter in-
troduces nitrogen-vacancy centers in diamond as the matter platform which is used in
the research part of this thesis. In parallel, microscopy techniques enabling address-
ing diamond samples are described along with typical parameters characterizing their
performance. The fourth chapter consists of Article A2. comprising the thesis. It de-
scribes the behavior of quantum light prepared in a Fock state within a quantum ghost
imaging setting that could be used for addressing e.g. a diamond sample. Subsequently,
a chapter giving a theoretical background to the light-matter interaction description in
the quantum mechanical language is placed. The description concerns a simple system
consisting of a single two-level atom interacting with a single-mode quantized field. The
presented considerations are further extended to an ensemble of two-level atoms inter-
acting with a single-mode quantized field and the concepts of Dicke superradiance and
single-photon superradiance are introduced. The sixth chapter consists of Article A1.
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comprising the thesis. Here, an experiment demonstrating the interaction of an SPDC-
generated single photon with an ensemble of NV centers is presented. The obtained
experimental results are analyzed giving insight into the NV centers’ fluorescence dy-
namics under single-photon excitation. This work is followed by experimental research
aiming at the investigation of the single photons with matter interaction for a given num-
ber of emitters, N . Again, NV centers in diamond were chosen as the matter platform.
The obtained results are analyzed in the context of the potential NV centers’ collective
behavior under single-photon excitation. The signal-to-noise ratio (SNR) limits for small
values of N are discussed as well. The thesis is concluded with a summary.

CONTRIBUTION

At the beginning of each chapter presenting a part of the original research constituting
this thesis, my contribution statement is made. This applies to Chap. 4, 6 and 7. My con-
tribution statement will be however summarized here as well. The contribution state-
ments of the coauthors are included on the last pages of this thesis. In Article A2. (Chap.
4), I was responsible for carrying out all of the published analytical and numerical calcu-
lations together with the analysis of the following results. The Article was written by me,
Piotr Kolenderski, and Christopher J. Pugh (listed in order from most involved to least
involved). In Article A1. (Chap. 6) I was responsible for building the microscope. Con-
necting it with the source of single photons, running the experiment, and collecting the
measurement data were done jointly by me, Marta Misiaszek, and Joscelyn van der Veen
(listed in order from most involved to least involved). Subsequent work, which consisted
of analyzing and discussing the obtained data, was done by me. The Article writing part
was done by me, Marta Misiaszek, Piotr Kolenderski, and Joscelyn van der Veen (listed
in order from most involved to least involved). In the work presented in Chap. 7, I was
responsible for the experimental setups’ designs, building the confocal and cryogenic
microscopes, coordinating the work, and the obtained results analysis. The measure-
ments were performed jointly by me and Anuradha Anarthe under my supervision.
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2
LIGHT

There is a single light of science,
and to brighten it anywhere
is to brighten it everywhere.

Isaac Asimov

This chapter is an introduction to the notion of a single photon. It starts with electromag-
netic field quantization and the introduction of states of a given number of photons, in
particular, single-photon states. Then, different kinds of single-photon sources are pre-
sented with an emphasis on the Spontaneous Parametric Downconversion based sources
which are used in the further parts of this thesis. The chapter is completed with a num-
ber of methods enabling single-photon source characterization. A description of the com-
monly used light sensors with a particular focus on single-photon detectors is given as
well.
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Light is defined as electromagnetic radiation. Classically its description was given
by James Clerk Maxwell who treated light as an electromagnetic wave and described
it through the so-called Maxwell equations which became the core of the classical
electrodynamics. Treating light as a wave enables explaining such phenomena like
interference or diffraction. However, the wave nature of light fails when discussing the
photoelectric effect, Compton scattering, or black body radiation. Here, Max Planck
came up with the concept of "quanta" which is the smallest portion of energy of the
electromagnetic radiation that can be emitted or absorbed. This idea was further
extended by Einstein and led to the explanation of the photoelectric effect and the
introduction of the concept of photon, a light particle. This was eventually confirmed
by Compton through his famous experiment, in which he proved that photons carry
momentum – like particles. The mathematical description of photons within the theory
of quantum mechanics starts with electromagnetic (EM) field quantization. A relatively
brief scheme of EM field quantization will be given below based on two textbooks [14,
33], where a detailed version of the calculations can be found.

2.1. ELECTROMAGNETIC FIELD QUANTIZATION AND A SINGLE

PHOTON
The electromagnetic (EM) field can be described classically by the well-known Maxwell
equations. These, in the case of source-less scenario and linearly polarized light (E =
ex Ex ), take the following form

∇×E =−∂B

∂t
, (2.1)

∇×B =µ0ϵ0
∂E

∂t
, (2.2)

∇·B = 0, (2.3)

∇·E = 0, (2.4)

Figure 2.1: Optical cavity constrained by two parallel to each other mirrors spaced by the distance L. The
electric field is polarized along the x direction. The blue curve represents one of the possible cavity modes.

where ϵ0 stands for the vacuum permittivity and µ0 stands for the vacuum permeability.
Let us consider the EM field in a length L cavity resonator (see Fig. 2.1). In a general case,
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the electric field fulfilling the above-given set of equations together with the boundary
conditions will be given by a linear combination of the normal modes of the cavity

Ex (z, t ) =∑
j

A j q j (t )sin(k j z), (2.5)

where A j =
(

2ω2
j

V ϵ0

)1/2

is the linear combination coefficient, k j = jπ
L is the wavevector re-

lated to the frequency ω j by k j = ω j /c, V is the volume of the resonator, q j stands for
the normal mode amplitude with the length units, and j = 1,2,3, . . . indexes consecutive
normal modes. As will turn out later, q j will be interpreted as the canonical position.
c stands for the speed of light. When substituting Eq. 2.5 into Eq. 2.2 a formula for the
magnetic field will be obtained

By (z, t ) =∑
j

A j

(
µ0ϵ0

k j

)
q̇ j (t )cos(k j z). (2.6)

Here the q̇ j (t ) can be interpreted as the canonical momentum for a unit mass particle,
p(t ) = q̇ j (t ).

The classical Hamiltonian of the EM field is given by

H = 1

2

∫
dV

[
ϵ0E 2(r , t )+ 1

µ0
B 2(r , t )

]
= = 1

2

∫
dV

[
ϵ0E 2

x (z, t )+ 1

µ0
B 2

y (z, t )

]
(2.7)

After substituting to the above-given formula Eqs. 2.5 and 2.6, taking into account c2 =
1

µ0ϵ0
and c ·k =ω together with the boundary conditions one can show that the Hamilto-

nian of the multi-mode radiation field will be given by

HM M = 1

2

∑
j

(
ω2

j q2
j +p2

j

)
. (2.8)

For a single-mode field, this corresponds to

HSM = 1

2

(
ω2q2 +p2) . (2.9)

This is mathematically equivalent to the Hamiltonian of a unit mass harmonic oscilla-
tor with q(t ) and p(t ) being the canonical position and momentum, respectively. In
a general case of a multi-mode field, the Hamiltonian is given by a sum of independent
harmonic oscillator energies (Eq. 2.8).

The quantization of the EM field can be done by replacing the canonical position and
momentum by operators obeying the commutation relations

[q̂ j , p̂ j ] = iħδ j , j ′ (2.10)

[q̂ j , q̂ ′
j ] = [p̂ j , p̂ ′

j ] = 0. (2.11)

q̂ and p̂ are hermitian operators. It is convenient, however, to introduce non-hermitian
operators
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â j = 1p
2ħω

(ωq̂ + i p̂) (2.12)

and its hermitian conjugate

â†
j =

1p
2ħω

(ωq̂ − i p̂). (2.13)

Then, the single-mode Hamiltonian will be expressed by

Ĥ =ħω(â†â + 1

2
) (2.14)

and the commutation relation given in Eq. 2.10 will become

[â, â†] = 1. (2.15)

Why it is convenient to use the non-hermitian â, â† operators instead of the hermitian
q̂ , p̂ operators? As will be shown further in the thesis, the product â†â has a particular
meaning. It is the particle number operator and it is denoted by n̂. Let |n〉 be the energy
eigenstate of the single-mode field with the eigenenergy En ,

Ĥ |n〉 = En |n〉 . (2.16)

When substituting Eq. 2.14 to the above given equation and multiplying it by â† from the
left, one obtains

ħω
(

â†â†â + 1

2
â†

)
|n〉 = En â† |n〉 . (2.17)

After application of the commutation relation given by Eq. 2.15 and doing some algebra,
one obtains

ħω
(

â†â + 1

2

)
â† |n〉 = (En +ħω)â† |n〉 (2.18)

Ĥ â† |n〉 = (En +ħω)â† |n〉 . (2.19)

From this one can clearly see that the state

|n +1〉 = 1

cn
â† |n〉 (2.20)

is the energy eigenstate with the eigenvalue given by

En+1 = En +ħω. (2.21)

â† operator is called the creation operator as it increases the energy by a quantum of
energy ħω. In this sense, the creation operator, when acting on the energy eigenstate,
creates a photon of ħω energy. Similarly, the interpretation for the â operator can be de-
rived by multiplying Eq. 2.16 by â from the left. The following equation will be obtained
then
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Ĥ â |n〉 = (En −ħω)â |n〉 . (2.22)

This means that

|n −1〉 = 1

c ′n
â |n〉 (2.23)

is the energy eigenstate with the eigenvalue given by

En−1 = En −ħω. (2.24)

â operator is called the annihilation operator as it decreases the energy by the quantum
of energy ħω. In this sense, the annihilation operator, when acting on the energy eigen-
state, annihilates a photon of ħω energy. If we apply the annihilation operator n times
we will obtain

Ĥ â |0〉 = (E0 −ħω)â |0〉 , (2.25)

where |0〉 corresponds to the ground state and E0 to the ground state energy. As E0 is the
smallest allowed energy for the oscillator, we conclude that

â |0〉 = 0. (2.26)

Applying the single-mode quantum harmonic oscillator Hamiltonian (Eq. 2.14) to the
ground state |0〉 and using the above-given property of the ground state one obtains

Ĥ |0〉 = ħω
(

â†â + 1

2

)
|0〉 = 1

2
ħω |0〉 . (2.27)

Taking into account the already drawn conclusions given in Eqs. 2.21 and 2.24, it is now
straightforward to see that the energy eigenvalues are equal to

En =ħω
(
n + 1

2

)
. (2.28)

Hence, Eq. 2.16 can be rewritten as

ħω
(

â†â + 1

2

)
|n〉 = En |n〉 = ħω

(
n + 1

2

)
|n〉 . (2.29)

From this, it follows that

n̂ |n〉 = n |n〉 , (2.30)

which means that the n̂ operator is indeed the photon number operator. Hence, the
|0〉 state is a zero-photon state which will be called hereinafter also a vacuum state and
denoted by |vac〉.

Using the property given in 2.30 and the normalization constraint of the energy
eigenstates it can be shown that

â |n〉 =p
n |n −1〉 , (2.31)
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â† |n〉 =p
n +1 |n +1〉 . (2.32)

From the last one, it follows that a state of a given number of photons can be obtained
from the ground state by

|n〉 = (â†)p
n!

|0〉 . (2.33)

These states are called Fock states. In particular, |1〉 would correspond to exactly a one
photon state.

2.2. SINGLE-PHOTON SOURCES
A source is considered a single-photon source (SPS) if it produces exactly one photon
in a given time slot. An easily implementable approximation of a single photon source
could be realized by significantly attenuating a laser beam and using a so-called weak co-
herent state (WCS). Light emitted by a laser beam is in a coherent state which is defined
as a superposition of n Fock states [14]

|α〉 = e
−|α|2

2

∞∑
n=0

αn

n!
|n〉 . (2.34)

Substituting |α|2 by the average number of photons 〈n̂〉 one can calculate the probability
of observing n photons of the field in the coherent state |α〉 [14]

Pn = |〈n|α〉 |2 = 〈n̂〉n e−〈n̂〉

n!
. (2.35)

In this way, one obtains a probability function that obeys the Poissonian statistics. A laser
beam exhibiting 〈n̂〉 ≪ 1 can be considered a WCS. The table presented below explains
why.

Pn n = 0 n = 1 n = 2 n = 3
〈n̂〉 = 1 3.68∗10−1 3.68∗10−1 1.84∗10−1 6.13∗10−2

〈n̂〉 = 0.1 9.05∗10−1 9.05∗10−2 4.52∗10−3 1.51∗10−4

〈n̂〉 = 0.01 9.90∗10−1 9.90∗10−3 4.95∗10−5 1.65∗10−7

Table 2.1: Probability, Pn , of getting n photons in a coherent state for 〈n̂〉 average number of photons.

For 〈n̂〉 = 1 the probabilities of getting vacuum or a single photon are equal and only
around two times greater than the probability of getting two photons. However, already
for 〈n̂〉 = 0.1, although the probability of getting vacuum is high, the probabilities of get-
ting a single photon and two photons differ by more than an order of magnitude. For
〈n̂〉 = 0.01 this difference grows even to 2 orders of magnitude. This visualizes that for
〈n̂〉≪ 1 the probability of getting more than one photon is, compared to the probability
of getting a single photon, small enough to consider it as a good approximation of a SPS.
Therefore, WCS can be treated as an approximation of a probabilistic SPS.
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However, true SPSs exist. These can be divided into two categories. Firstly, there can
be distinguished on-demand SPSs. These could be isolated single quantum systems like
quantum dots, color centers in diamond, single atoms, or molecules, where the latter
two are belike less subject to integration than the former ones. An on-demand SPS, once
excited, for example by an on-demand released laser pulse, emits exactly one photon
within one fluorescence lifetime. A second photon can be emitted only after a second
excitation pulse arrives. Secondly, there are heralded single-photon sources that are not
deterministic but probabilistic SPSs. Their working principle is based on the process of
spontaneous parametric down-conversion (SPDC). Although, with this kind of source
one cannot generate single photons on demand, it gives the possibility to predict when
the single photon will arrive.

2.2.1. SPDC-BASED SINGLE PHOTON SOURCE
Spontaneous parametric down-conversion (SPDC) is a second-order non-linear process
taking place in a birefringent crystal, where one high-energy photon, ’pump’, is con-
verted into a pair of low-energy photons, conventionally called ’signal’ and ’idler’ (see
Fig. 2.2). SPDC is a parametric process, which means that the initial and final states of
the crystal are equal and no momentum or energy is added or subtracted in the pro-
cess [4, 1]. This means that the energy and momentum of the field have to be conserved.
This energy and momentum conservation in the context of SPDC is called the phase
matching condition [1]. This is the reason why the signal and idler photons are corre-
lated in energy (time) and momentum (space).

Figure 2.2: A scheme of the Spontaneous Parametric Downconversion (SPDC) process. a high-energy pho-
ton (pump) is converted into two low-energy photons (signal and idler) while preserving the momentum and
energy conservation principles. See text for details.

The mathematical description of SPDC starts with the SPDC Hamiltonian construc-
tion along with the initial vacuum state,ψ0 = |vac〉, evolution according to this Hamilto-
nian [14, 18, 33, 17]. The SPDC Hamiltonian construction begins with the energy of the
electromagnetic wave in a dielectric medium [16]. Its interaction part is of the form
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HI = 1

2

∫
d 3r (E (r , t ) ·P (r , t )) , (2.36)

where E (r , t ) is the electric field, and P (r , t ) stands for the polarization that describes the
response of the medium against the applied electric field. The polarization, P = P (E ) =
(Px (E ),Py (E ),Pz (E )), induced in the medium depends on the properties of the medium,
expressed by the electric susceptibility, χ(n), n +1 rank tensor [23]

Pα = Pα(E ) = ε0
∑
β

χ(1)
αβ

Eβ+ε0
∑
β,γ
χ(2)
αβγ

EβEγ+ . . . (2.37)

When substituting the above-given formula for the polarization into the formula for
the interaction Hamiltonian 2.36, and isolating the second-order component one ob-
tains [14]

H (2)
I = 1

2
ε0

∫
d 3r

∑
α,β,γ

χ(2)
αβγ

EαEβEγ. (2.38)

In general, χ(2)
αβγ

is a rank 3 tensor that has 27 independent elements however, due to

symmetry reasons and non-linear crystal properties it can be significantly reduced, and
finally given by de f f . [18, 17]. This simplifies the above-given formula

H (2)
I = 1

2
ε0de f f .

∫
d 3r Eα0 Eβ0 Eγ0 ≡

1

2
ε0de f f .

∫
d 3r Ep,α0 Es,β0 Ei ,γ0 , (2.39)

where the three electric fields stand for the pump (p), signal (s), and idler (i ) fields. The
pump is assumed to be classical and the corresponding electric field can be represented
as a sum of its positive and negative frequency parts [33]

Ep,µ(r , t ) = E (+)
p,µ(r , t )+E (−)

p,µ(r , t ). (2.40)

On the other hand, the signal and idler electric fields are assumed quantum. Therefore,
their fields need to be quantized [33]

Eν,µ −→ Êν,µ = Ê (+)
ν,µ+ Ê (−)

ν,µ, ν= s, i . (2.41)

Substituting Eqs. 2.40 and 2.41 into Eq. 2.39 leads to an expression

H (2)
I ∝ ∑

ζ,η,ι
E (ζ)

p,α0
Ê (η)

s,β0
Ê (ι)

i ,γ0
ζ,η, ι=+,−. (2.42)

However, from the sum given above only two elements have a physical meaning and
hence, only those are left in the sum. These are

H (2)
I ∝ E (+)

p,α0
Ê (−)

s,β0
Ê (−)

i ,γ0︸ ︷︷ ︸
SPDC

+E (−)
p,α0

Ê (+)
s,β0

Ê (+)
i ,γ0︸ ︷︷ ︸

SHG

. (2.43)

The first sum element is responsible for the SPDC process and the second one is re-
sponsible for the second harmonic generation (SHG). Therefore, the SPDC part of the
interaction Hamiltonian will be of the form [18]
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ĤSPDC = 1

2
ε0de f f .

∫
d 3r E (+)

p,α0
Ê (−)

s,β0
Ê (−)

i ,γ0
. (2.44)

The classical electric field can be expressed explicitly in the transverse coordinates
parametrization [18]

E (+)
p (r , t ) = εp

∫
d 2kp,⊥dωp Ap (kp,⊥,ωp )e i (kp r−ωp t ), (2.45)

where the pump pulse amplitude is assumed to be factorable into the temporal and spa-
tial parts with no spatiotemporal correlations [18]

Ap (kp,⊥,ωp ) = Atemp
p (ωp )Asp

p (kp,⊥), (2.46)

Atemp
p (ωp ) ∝

exp

(
− τ2

p

2 (ωp −ωp0)2
)

for a pulsed pump,

δ(ωp −ωp0) for a monochromatic pump,
(2.47)

Asp
p (kp,⊥) ∝ exp

(
−

w2
p

2
k2

p,⊥

)
. (2.48)

Here ωp0 stands for the central frequency of the pump beam, τp represents the pump
pulse duration, and wp stands for the spatial width of the pump beam. On the other
hand, the negative frequency part of the signal and idler electric fields will be expressed
as [18]

Ê (−)
ν (r , t ) = εν

∫
d 2kν,⊥dωνâ†(kν⊥,ων)e−i (kνr−ωνt ), (2.49)

where

Ê (+)
ν (r , t ) = (

Ê (−)
ν (r , t )

)†
. (2.50)

After substituting Eqs. 2.45 and 2.49 into Eq. 2.44 one obtains

ĤSPDC = 1

2
ε0de f f .εpεsεi

∫
d 2ki ,⊥d 2ks,⊥dωp dωs dωi

× Ap (ks,⊥+ki ,⊥,ωp )â†(ks,⊥,ωs )â†(ki ,⊥,ωi )exp
(−i (ωp −ωs −ωi )t

)×L · sinc

(
1

2
L∆kz

)
,

(2.51)

where

∆kz = kpz −ksz −ki z (2.52)

is the so called phase mismatch and L stands for the crystal length. Knowing the SPDC
Hamiltonian one can evolve the initial wavefunction in the interaction picture according
to
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∣∣ψ〉= T̂ exp

(
1

iħ
∫

d t HI (t )

)
|vac〉∝ |vac〉+ 1

iħ
∫ ∞

−∞
d t ′HI (t ′) |vac〉+ . . . (2.53)

where T̂ stands for the time-ordered product. Substituting into the formula obtained
above as the interaction Hamiltonian the explicit expression for the SPDC Hamiltonian
given in Eq. 2.51 one gets [18]

1

iħ
∫ ∞

−∞
d t ′HSPDC (t ′) |vac〉

= ε0

2iħde f f .εpεsεi

∫
d 2ki ,⊥d 2ks,⊥dωs dωi Ap (ks,⊥+ki ,⊥,ωs +ωi )a†(ks,⊥,ωs )a†(ki ,⊥,ωi )

×L · sinc

(
1

2
L∆kz

)
|vac〉

=
∫

d 2ki ,⊥d 2ks,⊥dωs dωiΨ(ks,⊥,ωs ;ki ,⊥,ωi )a†(ks,⊥,ωs )a†(ki ,⊥,ωi ) |vac〉 . (2.54)

Here the probability amplitude of generating an SPDC photon pair (the biphoton wave-
function) is given by [18]

Ψ(ks,⊥,ωs ;ki ,⊥,ωi ) = N L

2
· Ap (ks,⊥+ki ,⊥,ωs +ωi ) · sinc

(
1

2
L∆kz

)
, (2.55)

where

N = ε0de f f .εpεsεi

2iħ (2.56)

is the normalization factor. Taking into account the explicit formula for the pump elec-
tric field amplitude the biphoton wavefunction takes the form of [28]

Ψ(ks,⊥,ωs ;ki ,⊥,ωi ) ∝ Atemp
p (ωs +ωi )exp

(
−

w2
p

2

(
ks,⊥+ki ,⊥

)2

)
sinc

(
1

2
L∆kz

)
. (2.57)

This can be further simplified by applying the Gaussian approximation of the sinc func-
tion, si nc(x) ≈ exp

{(−x2/5
)}

[28]. It leads to the formula

Ψ(ks,⊥,ωs ;ki ,⊥,ωi ) ∝ Atemp
p (ωs +ωi )exp

(
−

w2
p

2

(
ks,⊥+ki ,⊥

)2

)
exp

(
−L2

10
(∆kz )2

)
(2.58)

Obtaining an analytical solution of the above-given formula is enabled by expanding the
phase mismatch up to the first order [28]

∆kz ≈ ds (ks⊥−ks0⊥)+di (ki⊥−ki 0⊥)+βs (ωi − 1

2
ωp )+βi (ωs − 1

2
ωp ) (2.59)
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where the respective dispersions read

dµ = d

dkµ,⊥
∆kz (ks⊥,ki⊥,kp⊥;ωs ,ωi ,ωp ) µ= s, i , (2.60)

βµ = d

dωµ
∆kz (ks⊥,ki⊥,kp⊥;ωs ,ωi ,ωp ) µ= s, i . (2.61)

Substituting Eq. 2.59 into Eq. 2.58 and assuming a degenerate (ωs =ωi , ωp =ωs +ωs )

and collinear SPDC (⃗ks0⊥ = k⃗i 0⊥ = 0), while also disregarding the spectral structure of
the wavefunction and assuming a monochromatic pump (see Eq. 2.47) one obtains the
biphoton wavefunction of the form

Ψ(κs ,κi ) ∝ exp

(
−

w2
p

2
(κs +κi )2

)
×exp

(
−L2

10
(d sκs +d iκi )2

)
, (2.62)

where

κµ = kµ⊥−kµ0⊥ µ= s, i . (2.63)

In the one-dimensional case this can be reformulated into a formula which will be used
to describe a biphoton in article A2.

Ψ(κs ,κi ) ∝ exp

(
−1

4

(
κ2

s

δ2
s
+ κ2

i

δ2
i

− 2κiκsρ

δiδs

))
, (2.64)

where the mode widths in the momentum domain are equal to

δs = 1√
2w2

p + 2
5 L2d 2

s

, (2.65)

δi = 1√
2w2

p + 2
5 L2d 2

i

(2.66)

and the Pearson coefficient, which is a measure of correlations, reads

ρ =
−2w2

p − 2
5 L2ds di√

2w2
p + 2

5 L2d 2
s

√
2w2

p + 2
5 L2d 2

i

. (2.67)

The amplitude squared of the wavefunction can be interpreted as the probability
density function of detecting the photon. The amplitude squared of the biphoton wave-
function given in Eq. 2.64 for an exemplary set of experimental parameters is given in
Fig. 2.3. Fig. 2.3 (a) shows the amplitude squared of the biphoton wavefunction in the
momentum space and Fig. 2.3 (b) in the position space. The mode profiles of the pho-
tons generated by this exemplary SPDC source were set to be equal, δs = δi = 1/70 µm−1.
These values are typical for a 5 mm thick BBO crystal pumped with a 400 nm laser beam,
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Figure 2.3: Amplitude squared of the biphoton wavefunction for a typical BBO crystal pumped with a 400 nm
laser beam, focused to a spot of 100 µm diameter. Such source preparation leads to the Pearson coefficient of
approximately 0.9 [10, 32]

.

focused to a spot of 100 µm diameter and lead to the Pearson coefficient of approxi-
mately 0.9 [10, 32]. Qualitatively similar characteristics can be given in the spectral-time
domain [34].

SPDC is one of the methods for single photon generation. This can be seen in
a schematic in Fig. 2.4. Once a high-energy photon pumps a non-linear crystal two
daughter photons, signal and idler, are generated at exactly the same time. When
introducing a single-photon detector in the idler (signal) arm, a single-photon detection
would herald the presence of exactly one photon in the other arm. This kind of a SPS is
called a heralded single-photon source (HSPS).

Figure 2.4: A scheme of a heralded single-photon source. A high-energy photon pumps a non-linear crystal
and two daughter photons are generated exactly at the same time. Once a single-photon detector registers
signal in one of the arms this implies that exactly a single-photon is present in the second arm.

Mathematically, time evolution with the non-linear part of the interaction Hamiltonian
in a dielectric medium (Eq. 2.43) is equivalent to a two-mode squeezing operator [14]



2.2. SINGLE-PHOTON SOURCES

2

19

Ŝ2(ξ) = exp
(
ξ∗âb̂ −ξâ†b̂†

)
, (2.68)

where ξ = r e iθ includes all the source parameters including pumping power. Similarly,
the biphoton component of the state obtained after the time evolution of a two-mode
vacuum with this Hamiltonian in the interaction picture is mathematically equivalent to
the two-mode squeezed vacuum [14]

|ξ〉2 = Ŝ2(ξ) |00〉 . (2.69)

After applying some mathematical tricks and doing some algebra [14] it can be shown
that this squeezed two-mode vacuum given in the formula above can be expressed in
the photon number state basis – the Fock basis

|ξ〉2 =
1

coshr

∞∑
n=0

(−1)ne i nθ(tanhr )n |nn〉 . (2.70)

To determine the statistics of light generated by an SPDC source it is useful to calculate
the probability for an SPDC source to generate n1 photons in the first mode and n2 pho-
tons in the second mode [14]

Pn1,n2 (r ) = |〈n1n2|ξ〉2 |2 =
(tanhr )2n

(coshr )2 δn1,nδn2,n (2.71)

Therefore, the probability of generating n photons in both modes reads [14]

Pn(r ) = (tanhr )2n

(coshr )2 . (2.72)

It can be further reshaped by using hyperbolic identities and by making an observation
that for each of the modes, the average number of photons equals to 〈n̂〉 = sinh2 r . Then,
the probability for an SPDC source to generate n photons in each mode reads [14]

Pn(r ) = 〈n̂〉n

(1+〈n̂〉)n+1 . (2.73)

From the formula above one can clearly see that the state of light after interacting with
a non-linear crystal due to the spontaneous nature of the parametric down-conversion
(PDC) is described with thermal light statistics.

As single-photon detectors perform finite efficiency and do not have the photon-
number resolution, according to Eq. 2.70 from a single detector click in the heralding
arm one can only conclude that at least one photon hit the heralding detector which
implies that also in the other arm at least one photon was present. This means that
heralding removes the vacuum component from the final state, indicating that some
number of photons (one or more) hit the detector and were present in the other arm.
However, as shown in Eq. 2.73, the probability of generating by the SPDC source n pairs
of photons drops with a decrease in the mean number of photons 〈n̂〉. This indicates
that if the pump power is chosen to be low enough, then the multi-pair emission events
can be neglected and the final state can be assumed to be a single-photon state.



2

20 2. LIGHT

In practice, HSPSs are realized using high-power continuous-wave lasers or pulsed
lasers with high peak energy density. This is because the SPDC process exhibits very low
efficiency of around 10−9−10−10 [36]. High pumping energy per unit of time guarantees
that a pump photon reasonably often will convert into a pair of photons. However, the
pumping power cannot be also too high. It has to be high enough in order to provide
a reasonable pair generation rate but at the same time low enough to enable neglecting
higher order terms corresponding to multi-pair emissions. Additionally, the pumping
power regime has to be corrected for the actual power damage thresholds of the currently
commercially available non-linear crystals suitable for generating SPDC pairs. Hence,
the actual pumping power has to be fitted to a particular application as there is a trade-
off between the pair generation rate and the quality of the source.

2.2.2. QUALITY OF A SINGLE-PHOTON SOURCE
The quality of an SPDC-based single photon source can be described by four figures of
merit. These are heralding efficiencies of each of the signal and idler arms [1], source
brightness [1, 36], source purity [36], and the generated single photons indistinguisha-
bility [36]. There can be distinguished two types of brightness, generated and observed
[1]. The generated brightness (also called Pair Generation Rate – PGR), Ng b , is defined
as the number of generated SPDC pairs per unit of time and power, usually given in the
units of cps/mW. Its value relies on the nonlinear coefficient of the crystal material and
its dimensions which in turn determine the probability of pair generation. The gener-
ated brightness, however, cannot be measured directly and can be only calculated from
the observed brightness (measured coincidences), Nob , when taking into account losses
in both the signal and idler arms

Nob = ηsηi Ng b . (2.74)

These losses are hidden in the heralding efficiency, defined as the ratio of the coinci-

dence counts to the individual counts in the signal, ηs = Nob
Ns

, and idler, ηi = Nob
Ni

, arms.
Ns and Ni are the individual count rates in the signal and idler arms, respectively. After
some algebra one obtains the relation

Ng b = Ns ·Ni

Nob
. (2.75)

Photon indistinguishability characterizes the degree of similarity between individual
photons in a stream of photons. It quantifies the ability of two photons to interfere.
Indistinguishability equals to the visibility of the dip in the Hong-Ou-Mandel (HOM)
experiment [22].

The purity of a SPS refers to the degree to which a SPS emits photons in a single-
photon state. Quantitatively it is equal to the probability that a detected photon origi-
nates from the desired single-photon emission process rather than from an unwanted
source, such as multi-photon emission or background noise. A high-purity SPS would
emit photons in a well-defined single-photon state with negligible contributions from
other unwanted sources. The purity of an SPS can be examined using the Hanbury
Brown and Twiss (HBT) experiment [5] (see Fig. 2.5). Here, a source of light to be tested
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is directed onto a balanced, 50:50 beamsplitter (BS) and a single-photon detector is po-
sitioned at each of the output ports of the BS. One of the detector’s positions is fixed,
whereas the position of the second detector can be manipulated so that the optical path
from the BS to the second detector can be tuned. The measurement consists of the reg-
istration of coincident photon detections on both of the detectors for various detector 2
positions. This position manipulation translates directly to the manipulation of the dif-
ference between the arrival times of photons traveling from the BS output ports to each
of the detectors.

Figure 2.5: Hanbury Brown and Twiss experiment scheme.

This experiment measures the second-order correlation function of a light source,
g (2)(τ). For a fixed space position the second-order correlation function takes the form
[14]

g (2)(τ) =
〈

Ê (−)(t )Ê (−)(t +τ)Ê (+)(t +τ)Ê (+)(t )
∣∣Ê (−)(t )Ê (−)(t +τ)Ê (+)(t +τ)Ê (+)(t )

〉〈
Ê (−)(t )Ê (+)(t )

∣∣Ê (−)(t )Ê (+)(t )
〉〈

Ê (−)(t +τ)Ê (+)(t +τ)
∣∣Ê (−)(t +τ)Ê (+)(t +τ)

〉 ,

(2.76)
where Ê (±)(t ) is the positive/negative part of the electric operator for a given time, and
τ= t2−t1 is the time delay between the times t1 and t2 when the field is observed. g (2)(τ)
can be also explained as the joint probability of detecting two photons at times t and
t+τ. Depending on the source type different time profiles will be exhibited by the g (2)(τ)
function. In general, light sources can be divided into three types depending on their
statistics. These are coherent, thermal, and single-photon light sources [14].

Laser is an example of a coherent light source, where the emitted photons are ran-
domly distributed in time (see Fig. 2.6 (a) red) and the g (2)(τ) equals to 1 for all time
delays. An example of a thermal light source could be a light bulb where photons are
not randomly distributed in time but rather group and travel in space together (see Fig.
2.6 (a) blue). For light in a thermal state, a peak for zero delay will be observed whereas
for time delay going to ±∞ the g (2)(τ) tends to 1. This effect is called bunching. Finally, in
the SPSs photons are emitted individually and no grouping, random or not, is observed
when looking at the timescale (see Fig. 2.6 (a) green). In this case, a dip for zero time
delay is observed, whereas for time delay going to ±∞ the g (2)(τ) tends to 1. This g (2)(τ)
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(a) (b)

Figure 2.6: (a) Schematic representation of the distribution of photons in time for thermal light (blue), coher-
ent light (red), and single photons (green). Thermal light exhibits the grouping of photons (bunching) and is
characterized by super-Poissonian statistics. For the coherent light source photons are randomly distributed
in time which means Poissonian statistics. In the case of a single-photon source, photons are well separated in
time and exhibit sub-Poissonian statistics. (b) g (2)(τ) for thermal light (blue), coherent light (red), and single
photons (green).

behavior is called anti-bunching. Typical g (2)(τ) delay time profiles for thermal light,
coherent light, and a SPS are given in Fig. 2.6 (b).

In the case of a heralded single-photon source, an additional heralding detector is
added to the setup presented in Fig. 2.5 in order to measure the g (2)(τ) function. The
signal photons are routed onto a symmetric beamsplitter and divided into two arms de-
noted as s1 and s2. Next, their coincidence rate conditioned on the detection of the idler
photon, denoted as i , is registered. A normalized expression for the second order cor-

relation function g (2)(0) = (Cs1,s2,i )I
(Cs1,i )(Cs2,i ) [2] is used, where Cs1,s2,i is the triple coincidence

rate between s1, s2, and i , whereas Cs1(s2),i is the coincidence rate between s1(s2) and i .
I stands for the idler count rate, which is replaced as I = Cs1,i +Cs2,i , in order to nullify
the background noise.

2.2.3. STATE-OF-THE-ART SINGLE-PHOTON SOURCES

In the context of this thesis, the SPDC-based SPSs are of main interest, and among the
performance parameters the source brightness and purity are of primary concern. It has
been shown that single photons at rates in the megahertz regime can be generated by
the SPDC-based SPSs [24, 15, 6]. However, the brightest sources need some engineer-
ing regarding the design. For instance, it was demonstrated that a single-photon rate
over 20 MHz can be achieved for a source based on a type-0 SPDC generated in a PPLN
waveguide enclosed in a Sagnac loop and pumped with a CW laser modulated to 50 GHz
repetition rate pulses [37]. In this case the autocorrelation function g (2)(0) < 1

2 which
proved the existence of single photons. Alternatively, deterministic SPSs are ultimately
limited by the inverse of their radiative lifetimes. In the case of the quantum-dot-based
systems in the Purcell-enhanced cavities and waveguides, that exhibit radiative lifetimes
in the picosecond regime, this corresponds to the upper bound of the repetition rates of
the order of gigahertz [21, 25]. To date, quantum-dot-based SPSs with a single-photon
rate of the range of 106 − 107 Hz were reported [27, 39, 38, 22]. In contrast, recently
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popular candidates for deterministic SPSs – nitrogen-vacancy centers – exhibit radiative
lifetimes in the nanosecond regime for the bulk diamond [29] and sub-nanosecond for
the nanodiamonds [3]. This constitutes a lower upper bound for the potential single-
photon repetition rate when compared to the quantum-dot systems. In practice, SPSs
with single-photon rates of the order of 105 Hz were demonstrated on NV-centers em-
bedded in nanodiamonds [30].

2.3. SINGLE-PHOTON DETECTORS
When discussing SPSs and single photons in general, the issue of single-photon detec-
tion arises naturally. Overall, light detection relies on converting incident radiation into
electric signals. Depending on the source of light, its properties, and desired application,
different types of light sensors can be used including photoresistors, photomultiplier
tubes, and photodiodes.

Figure 2.7: Schematic of a photoresistor. See text for details.

Photoresistor
A photoresistor is a resistor whose resistance depends on the intensity of light. This
can be implemented by using an intrinsic semiconductor with a low-enough energy
bandgap or a doped semiconductor. In low temperatures and when not exposed to
electromagnetic radiation semiconductors behave as insulators due to the lack of free
charge carriers in both the valence and conduction bands. However, when illuminated
with a photon energetically fitting their bandgap, an electron-hole pair will be generated
and the semiconductor will start to conduct electricity. Consequently, the number of
free charge carriers will depend on the number of incident photons. In this way, the
resistivity of a semiconductor depends on the intensity of light. In Fig. 2.7 a scheme
of a photoresistive cell is illustrated. The photoconductor is sandwiched between two
electrodes to which an external voltage is applied together with a current-measuring
device. In the darkness low current is measured, however, when the photoconductor
is illuminated, its resistance drops, and an increase of current is detected [13]. The
sensitivity of this kind of light sensor is too low for single-photon detection.
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Photomultiplier tube
The working principle of a photomultiplier tube (PMT) relies on the external pho-
toelectric effect. It consists of a photocathode and a series of dynodes enclosed in
a vacuum tube (see Fig. 2.8). The latest dynode is called anode. The dynodes are kept
at increasing positive potentials, with the closest to the photocathode dynode being
kept at the lowest potential and the last one at the highest. The incident light hits the
photocathode and, as a consequence of the photoelectric effect, for each hitting photon
one electron is emitted. Next, the emitted electrons are accelerated by the first dynode.
While accelerated they reach the dynode’s surface with increased kinetic energy and new
low-energy electrons are emitted from the dynode, multiplying the number of electrons
that have already taken part in the process. Subsequently, the multiplied electrons are
further accelerated onto the next dynode with an already higher potential. The process
is repeated through all of the dynodes. When the multi-stage multiplied electrons
reach the anode, a sharp current pulse is generated. This can be further analyzed for ex-
ample on an oscilloscope [13]. This light sensor can be used for single-photon detection.

Figure 2.8: Schematic of a Photomultiplier Tube. See text for details.

Photodiode
The photodiode’s working principle relies on the reverse-biased p-n junction. When
a photon of an appropriate energy strikes the p-n junction an electron-hole pair is
created. If the photon absorption occurs in the depletion region, due to the built-in
electric field, the electron is attracted to the cathode, and the hole to the anode. In this
way, the photocurrent is generated. Application of a reverse bias voltage broadens the
depletion region and reduces the response time [13]. The sensitivity of a photodiode is
higher than that of a photoresistor but still, it is not used for single-photon detection.
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Avalanche photodiode
Avalanche photodiodes (APD) are photodiodes working at very high reverse bias volt-
ages but still below the breakdown voltage. Due to the very high reverse bias voltage,
the photogenerated electrons and holes gain high enough energy to create successive
electron-hole pairs through the impact ionization process. In this way, the avalanche
current is produced. In the case of APDs the multiplication process is not diverging,
meaning that terminating it can be obtained immediately after turning off the incident
light [41, 9, 40].

Single-photon avalanche diode
On the other hand, single-photon avalanche diodes (SPADs) operate in the so-called
Geiger mode, which is above the breakdown voltage. In this case, when a photon
strikes the junction’s depletion region, the avalanche becomes self-sustained and
easily detectable. However, the self-sustained avalanche makes the photodiode blind
to consecutive photons. To enable further photon detection the avalanche has to be
quenched. For this, the bias voltage is reduced until the avalanche is quenched. Only
after this step is finished the photodiode can be brought back to its initial state with
the high reverse bias voltage applied. The time needed to quench the avalanche and
prepare the photodiode for consecutive photon detections is the detector’s dead time
[41, 9, 40]. SPADs exhibit higher sensitivity than PMTs and can be used for single-photon
detection.

The photodetectors presented above are based on the external or internal photo-
electric effect. The incident light is converted to charge carriers that subsequently can
be recorded by some electric-signal-registering device like an oscilloscope. However,
this is possible only when the energy of the incident photons addresses appropriately
the material’s work function or bandgap, depending on the type of the photoelectric
effect. Therefore, application of a given material enables light detection only from
a particular wavelength range. Within the domain of single-photon detection, the
ensemble of detectors presented above highlights SPADs as the prevailing choice at
present. SPADs can be utilized across the UV/Vis to near-IR spectrum. Their quantum
efficiency in the visible range can reach up to 85% [31], their dark counts can drop below
1 Hz, and the timing jitter is usually of the order of tens to hundreds of picoseconds [9,
7]. However, for near-IR, a different type of technology exhibits superior performance,
which includes higher quantum efficiency, together with lower noise and better timing
resolution [12]. These are superconducting nanowire single-photon detectors.

Superconducting nanowire single-photon detectors
Superconducting nanowire single-photon detectors (SNSPDs) represent a technologi-
cally completely different kind of single-photon detectors. Their system detection effi-
ciency can exceed 99% for 1350 nm [8], the dark count rate can be of the order of 10−4 Hz
[35], and the timing jitter can go below 3 ps [19]. They exhibit the best performance for
near-IR but they can operate from x-ray to mid-IR wavelength range [12]. Their main
drawback is that they need cryogenic conditions for operation. A detailed description
of the current understanding of the working principle of the SNSPDs can be found in
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(a)

(b)

(c)

Figure 2.9: Superconducting nanowire single photon detector (SNSPD). (a) SNSPD working principle. See
text for details. (b) Schematic representation of a nanowire in a meander structure. (c) SNSPD readout circuit.

Refs. [12, 26, 11, 20] and the following part of the paragraph will be based on them. The
active area of a superconducting single-photon detector consists of a meandering super-
conducting nanowire of a width of 50−100 nm and a thickness of 5−10 nm (see Fig. 2.9
(b)). The nanowire is kept in a superconducting state at a temperature below the criti-
cal temperature and biased with a direct current (DC) slightly below its critical current
(Fig. 2.9 (a) (1)). Therefore, a superconducting current carried by the Cooper pairs flows
through the nanowire. An incident photon, once absorbed, leads to the Cooper pair de-
struction and gives rise to a localized non-superconducting region termed a "hotspot"
(Fig. 2.9 (a) (2)). These hotspots exhibit dimensions roughly on the scale of 10−20 nm.
This results in the supercurrent bypassing the hotspot and flowing around it (Fig. 2.9
(a) (3)). Due to the limited width of the nanowire, the density of the bypassing current
increases so that it exceeds the critical value and breaks the superconductivity (Fig. 2.9
(a) (4)). This results in the creation of a resistive barrier spanning the entire width of the
nanowire and routing the current into a readout circuit (Fig. 2.9 (a) (5)). The abrupt resis-
tance growth generates an observable voltage pulse that can be amplified and registered
by the readout circuit (Fig. 2.9 (c)). While the current is flowing through the readout cir-
cuit, the nanowire is cooling down (Fig. 2.9 (a) (6)), and after a time of the order of 10 ns
it becomes superconducting again and hence ready to detect another photon.
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The universe is made of stories,
not of atoms.

Muriel Rukeyser

This chapter presents the platform that was used together with the single photons to in-
vestigate the light-matter interaction on the single-photon level. A brief introduction to
the nitrogen-vacancy centers is given together with an explanation of the necessary mi-
croscopy techniques and methods for a number of emitters estimation.
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In the context of the analysis of the light-matter interaction on a single-photon level, ex-
cept for a single-photon source, one needs also a platform that will be used as the mat-
ter part. Different platforms could be used for this purpose including trapped atoms,
trapped ions, quantum dots, or color centers. It was decided, however, to use for the
purpose of this thesis a diamond platform with nitrogen-vacancy centers. This was done
because of their broad absorption spectrum and the fact that a relatively simple exper-
imental setup can be used to address them, not requiring advanced vacuum systems,
trapping setups, or cooling designs.

3.1. DIAMOND
Solid carbon comes in two forms based on the nature of the chemical bond: graphite
and diamond. In graphite, carbon atoms are arranged in planes where each carbon is lo-
cated in a centroid of an equilateral triangle formed from the three neighboring carbons
with which it is bonded by 120◦ angled bonds [49]. This forms a hexagonal honeycomb
structure. A single plane arranged in this way is identified as graphene due to its inim-
itable properties. In graphite, the graphene planes are separated by a 0.355 nm distance
[49]. On the other hand, diamond crystallizes in a 3D structure where the carbon atoms
are placed in the vertices of a regular tetrahedron and each of them is bonded to its four
closest neighbors by strong covalent bonds[49]. This crystallographic structure is called
diamond cubic. It is a face-centered cubic Bravais lattice with a double base consisting
of two identical atoms. Also, other elements, except for carbon, crystallize in a diamond
cubic structure. These are silicon (Si), germanium (Ge), and tin (Sn) [37].

Table 3.1: Different types of diamonds [49, 20].

Type Occurrence Impurity Color
Type I

Ia 98% of all
natural dia-
monds

Nitrogen impurities at a con-
centration of 0.0001− 0.3% (10−
3000 ppm) distributed in aggre-
gates

colorless

Ib rare in nature nitrogen concentration around
0.05% (500 ppm) distributed
mostly as single sites

yellow/orange

Type II
IIa rare in nature <1 ppm of nitrogen usually colorless
IIb very rare in

nature
∼ 0.01 ppm of nitrogen and
< 1 ppm of boron

blue

Due to its crystallographic structure and strong chemical bonds diamond in its clean
form is the hardest known natural material [49]. However, it also suffers from structural
impurities which can modify its properties. The most common impurities in diamonds
are nitrogen (N) and boron (B). They are periodic table neighbors of carbon and due to
their small atomic radii, they fit well the crystallographic structure [49]. Due to the type
and concentration of chemical impurities, different types of diamonds are distinguished
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[49, 20]. Formally, a diamond is classified as type I when the concentration of nitrogen
within the diamond exceeds the sensitivity limit of an IR absorption. In contrast,
a diamond is of type II when there are no measurable nitrogen impurities within it. The
exact diamond classification is given in Tab. 3.1.

3.2. NITROGEN-VACANCY CENTERS IN DIAMOND
Nitrogen-vacancy center (NV) is a C3v point defect in the crystallographic structure of
diamond consisting of a substitutional nitrogen and a neighboring lattice vacancy left
after a missing carbon atom [21, 31] (see Fig. 3.1). The NV center is characterized by
the NV axis which aligns with the vacancy and the nitrogen atom. There are 4 possible
orientations of the NV center within the diamond lattice where the NV orientation is
defined by the NV axis. These directions are defined by the possible crystallographic
axes: [111], [11̄1̄],[1̄11̄], [1̄1̄1]. The likelihood of obtaining an NV center in any of these
directions is in general uniform across all of them [27]. The NV center emerges in two
charge states, the negatively charged NV− and neutral NV0.

Figure 3.1: Schematic of the NV center’s crystallographic structure. NV center consists of a nitrogen atom
(red) and an adjacent diamond lattice vacancy (white). The electronic structure of the NV center consists of
five electrons. Three of those electrons come from the dangling bonds of the three carbon atoms (black) and
two from the nitrogen atom. For the NV− center, one additional electron coming from the lattice is involved
[21, 31]. The dangling bonds from which the electrons contributing to the NV center electronic structure come
are marked in blue. Yellow is used to mark the remaining carbon atoms, not contributing to the NV center.
(Figure courtesy of Joscelyn van der Veen)

The electronic structure of an NV center in both charge states consists of 5 electrons
coming from the dangling bonds of the three carbon atoms (3 electrons) and from one
nitrogen atom (2 electrons). However, in the case of NV− an additional, sixth electron
is involved. This electron comes from the lattice and is responsible for the negative
charge of the defect [21, 31]. As only NV− are subject to this thesis, only they will be
discussed in more detail. Taking into account the C3v symmetry of the NV− center to-
gether with all the interactions that are present the electronic structure of the NV− center
can be derived. The symmetry analysis leads to the energy level structure consisting of
a spin triplet and a spin singlet. The optical transitions energy scale is set by adding the
Coulomb interaction and associating the triplet transition with a zero phonon line (ZPL)
of 637 nm and the singlet transition with a ZPL of 1042 nm. Further, including the spin-
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orbit and spin-spin interactions lifts the degeneracy in the ground and excited states of
the spin-triplet [6]. Finally, the external perturbations like electric and magnetic fields
together with the applied strain can be considered to lead to additional energy level shifts
[21, 6]. The energy level structure of an NV− center at room temperature is presented in
Fig. 3.2 (a). It consists of a triplet structure, presented on the left side of the figure, and
a singlet structure, presented on the right side of the figure. Due to the spin-spin inter-
action both the ground

(
3 A2

)
and excited

(
3E

)
sublevels of the spin-triplet are split by

2.88 GHz and 1.4 GHz [6], respectively (see the middle part of Fig. 3.2 (a)). The spin-orbit
interaction is not visible at room temperature [6, 53] leaving the spin sublevels with spin
projection ms =±1 degenerated.

(a) (b)

Figure 3.2: (a) Schematic of the zero field NV− energy structure in room temperature. The left part depicts the
triplet configuration related to the ZPL at around 637 nm and the right part depicts the singlet configuration
related to the ZPL at 1042 nm. The middle part shows the splitting of the spin-triplet sublevels due to spin-
spin interaction [6]. The green arrow stands for the typical non-resonant excitation at 532 nm, the red arrows
symbolize the spin-preserving triplet ZPL at around 637 nm (the triplet ZPL consists of two lines separated
by 1.46 GHz, a line for each of the ms = 0 and ms = ±1 spins), the dark red arrow, stands for the singlet ZPL
at 1042 nm, the blue arrows symbolize the spin-triplet splittings in the ground and excited states, and finally
the gray wavy lines represent the spin-selective intersystem crossing (ISC). (b) Fluorescence spectrum of an
ensemble of NV− centers with a ZPL at 637 nm assisted by a phononic background at room temperature (light
blue) and at 4 K (dark blue).

The NV− centers’ absorption spectrum ranges from 450 to 637 nm [8] but commonly
it is excited by green light at 532 nm. A typical emission spectrum of an NV− centers’ en-
semble is given in Fig. 3.2 (b). The ZPL of the NV− optical triplet transition is at 637 nm
assisted by the vibronic sidebands extending the ZPL to lower energy [21, 31, 8]. The vi-
bronic sidebands are more pronounced in higher temperatures, where at room temper-
ature only ∼ 3% of light is emitted into the ZPL [23]. When going to cryogenic conditions
the ZPL can become stronger with the simultaneous attenuation of the vibronic side-
bands [9, 8]. The fluorescence of the NV− center is related to the two orthogonal dipole
moments lying in a plane perpendicular to the NV− axis [26, 3].

The optical transitions of the NV− center’s spin triplet are spin preserving [6]. How-
ever, the NV− center exhibits a spin-dependent intersystem crossing (ISC) with a higher
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probability of the ISC for the ms = ±1 spin projection compared to ms = 0 [52]. This
means that the population excited to the ms =±1 spin sublevel more likely will undergo
the ISC and reach the singlet excited state than the ms = 0 one. Next, after radiative decay
to the singlet ground state, the population will again undergo the ISC reaching the triplet
ground state and closing the cycle. In this case, however, the transition rate between the
singlet ground state and triplet ground state ms = 0 spin sublevel is higher than between
the singlet ground state and the triplet ground state ms =±1 spin sublevel. This means
that there is a higher probability that the population will end up in the triplet ms = 0
spin sublevel [7]. Therefore, due to the spin-dependent ISC, a spin polarization into the
ms = 0 state will be obtained after repeating the excitation of the NV− center several
times. In practice, such spin polarization can be obtained by non-resonant illumination
of the NV− center by a 2 µs pulse of 532 nm laser light [52].

Interestingly, the NV− center’s spin-selective behavior enables optical spin readout.
As the ISC probability is higher for the ms =±1 triplet excited state, less population will
radiatively decay to the triplet ground state when the ms = ±1 is populated and hence
lower fluorescence intensity will be observed. This enables observation of the optically
detected magnetic resonance (ODMR) [67, 39]. ODMR assumes first applying a polar-
izing optical pulse preparing the NV− center in the ms = 0 state, followed by resonant
microwave pumping at 2.88 GHz which drives the population to the ms =±1 state. The
population can be read out before and after applying microwaves. Higher photolumi-
nescence for the ms = 0 and lower for m = ±1 will indicate the presence of ODMR. An-
other consequence of the NV− center’s spin-selective processes is the difference in the
radiative decay times of the NV− center in the ms = 0 and ms = ±1 states. In literature
[7, 16], the radiative decay time is usually obtained by fitting a single-exponential model
to the time-resolved fluorescence data. This leads to the values of 12−13 ns for the NV−
center in the ms = 0 state and around 8 ns for the ms =±1 state.

NV− centers are defects occurring in natural diamonds [64]. However, their concen-
tration is usually not high and their distribution and orientation are accidental. There-
fore, it is often preferred to use synthetic diamonds, which can be engineered to have
the desired concentration, distribution, and orientation of NV− centers, making them
more suitable for experimental applications. Synthetic diamonds can be created using
various methods, including chemical vapor deposition (CVD) and high-pressure, high-
temperature (HPHT) processes [64]. These methods allow for better control over the di-
amond’s properties and NV− center concentration, which is essential for practical quan-
tum applications.

The HPHT synthesis method involves subjecting a high-purity carbon source ma-
terial (usually graphite) to extremely high pressure and high temperature conditions,
mimicking the natural processes of diamond growth. This is done by using appropriate
presses enabling reaching the desired pressure and temperature which are of the order
of 5.5 GPa and 1500 K [63], respectively. Under these conditions, the carbon source is dis-
solved in a melted metal alloy serving as a catalyst. Afterwards, the carbon source mate-
rial will convert into a diamond around the before-placed diamond seeds. The purpose
of the catalyst in this context is to lower the kinetic barrier involved in the conversion
[61].

CVD of diamonds is a process used to produce synthetic diamonds by depositing
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carbon atoms onto a substrate in a controlled environment. This process is compre-
hensively described in Ref. [58] and only the most important information will be sum-
marised here. Unlike the HPHT method that simulates natural diamond formation, CVD
relies on the chemical reaction of carbon-containing gases to grow diamond films or
coatings and does not require as high temperature and pressure conditions. Typically,
a combination of hydrogen and methane is employed for the synthesis of diamond. It
is reported that the atomic hydrogen is crucial for the correct chemical reactions to pro-
ceed whereas the carbon-containing molecules serve as a source of carbon atoms. To
make the process efficient enough but on the other hand, to prevent the domination
of graphite synthesis a temperature range from 1000 to 1400 K is defined. Then, when
supplying with activation energy, in the form of e.g. microwaves, and applying suitable
pressure, diamond growth on an appropriately prepared sample will initiate. The pres-
sure that is needed for the CVD growth of a diamond depends on the activation energy
source. For the microwaves, it should be in the range of 40−100,000 Pa. More details on
the specific gas compositions, activation energy supplies, and involved chemical reac-
tions can be found in the review articles [58, 4]. The CVD method can be used to prepare
NV samples with a distinguished orientation [22, 27].

Usually, in natural diamond NV centers are randomly distributed. Nevertheless,
through the ion implantation technique followed by annealing, it is possible to ar-
tificially generate NV centers at specific predetermined locations. One of the most
prominent dopants in both natural and synthetic diamonds is nitrogen [49]. To form
an NV center a nitrogen atom has to meet a lattice vacancy. Irradiation of the diamond
sample with accelerated electrons [45, 1], protons [1] or ions [27] leads to an increased
concentration of lattice vacancies. In particular, irradiating a diamond sample with
nitrogen ions leads not only to an increased concentration of lattice vacancies but also
to the doping of the diamond structure with additional nitrogen atoms [27]. However,
the introduced by irradiation vacancies or implanted nitrogen atoms are not mobile
and hence cannot reach each other. To enable new NV centers creation annealing
in temperature above 600◦C is applied [51]. This enables vacancies mobility and in
consequence, new color centers formation.

NV centers have drawn the attention of the scientific community mainly because
they were found useful in the context of magnetic sensing, quantum information pro-
cessing, and photonic devices. In the present work, NV centers are considered as a bright
and photostable defect with a broad absorption spectrum and a high enough absorption
cross-section.

3.3. MICROSCOPY AND RESOLUTION
Microscopy is a field that encompasses different experimental techniques for visualizing
small objects that are not visible to the naked eye. Various microscopy techniques can
be enumerated, but within the scope of this study, the focus lies on optical microscopy,
with a specific emphasis on fluorescence microscopy. The best-known type of fluores-
cence microscopy is the widefield microscopy which consists in illuminating the sample
with a light beam that covers the entire area of interest. The sample is assumed to con-
sist of defects, artificial atoms, or quantum dots that can be excited by the illuminating
beam. Then the excited particles fluoresce light which by means of appropriate optical
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elements is routed directly to a spatially resolved detector. By a spatially resolved detec-
tor a CCD camera or a human eye is meant.

(a) pump (b) widefield (c) confocal

Figure 3.3: Fluorescence microscope scheme including (a) the pumping part and two fluorescence detection
scenarios: (b) widefield (without a pinhole) and (c) confocal (with a pinhole). MO - microscope objective,
DM - dichroic mirror, L - lens. The green arrows symbolize the rays of the single-mode pumping laser beam,
whereas the red and orange arrows stand for the fluorescence rays originating from emitters localized at dif-
ferent sample depths. See text for details.

There are two important parameters that can be used to characterize a microscope.
These are magnification and resolution. In Fig. 3.3 (a) and (b) a schematic of a simplified
widefield microscope is presented. The high energy exciting light beam (green arrows)
is directed onto a dichroic mirror (DM) and with a microscope objective (MO) focused
on the sample. Subsequently, the fluorescence from the previously excited sample (red
and orange arrows) is collected by the same MO, routed on the DM, and finally focused
with a lens (L) on the detector. The focal length ratio of the MO and L determines the
microscope magnification. On the other hand, the microscope’s resolution is defined as
the minimal distance between two point-like emitters on the sample that can be distin-
guished within a given imaging optical setup. To explain it better Fig. 3.4 is helpful. Here
a 2 f −2 f imaging optical setup is presented where a point-like source is placed in front
of a lens (L), at a distance equal to the double focal length ( f ) of this lens. Detection is
performed on the other side of the lens, again at a distance equal to 2 f . The light orig-
inating from this point-like source is propagated through the free space for a distance
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2 f , further through the lens of focal length f, and finally again through the free space for
a distance 2 f . A point-like source can be described as a Dirac delta function, δ(x − x0),
which is propagated for distance l through the free space using the free-space propaga-
tor [56]

Sx (x ′, x, l ) = e−
iπ(x′−x)2

lλ (3.1)

and later through the lens using the lens propagator [56]

L(x, f ) = e
iπx2

λ f . (3.2)

The above-given formulas for the appropriate propagators are formulated in the posi-
tion domain. Explicit formulas for those propagators in the momentum domain can be
obtained after Fourier-transforming them.

Figure 3.4: Diffraction limit. A scheme of 2 f −2 f imaging of a point source. The light generated within the
point source is propagated for a distance of 2 f through the free space. Next, it is propagated through a finite-
size lens of focal length, f , and numerical aperture, N A. Subsequently, it is again propagated for a distance of
2 f through the free space. As a result, a diffraction-limited image of the point source is obtained with a finite
width determining the resolution of the optical setup, d .

The full propagation of light originating from a point-like source through the optical
setup given in Fig. 3.4 reads [56]

δpropagated(x) =
∫ R

−R
d x ′

[∫ ∞

−∞
d x ′′ (Sx (x ′′, x ′,2 f )δ(x ′′−x0)

) ·L(x ′, f ) ·Sx (x ′, x,2 f )

]
. (3.3)

The integration limits of the inner integral are always infinite. However, the integration
limits of the outer integral depend on the size of the lens aperture. If the lens was infinite
the integration limits would be infinite and imaging a point source to a point would be
possible. However, in reality, lenses are always finite, which means that the light origi-
nating from a point source can be accepted by a lens at an angle not greater than some
maximal angle Θmax . This angle is related directly to the so-called numerical aperture
(NA), which is a commonly used parameter describing lenses and microscope objectives
(MO) [47]
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N A = n · sinΘmax ,

where n is the refractive index of the lens. This finite lens size is responsible for the
diffraction pattern showing up after lens propagation in the detection plane of Fig. 3.4
and is the reason why a point-like source would never be possible to be imaged to a point
by a finite lens – it is diffraction limited. Mathematically speaking, using a finite lens
makes the integration limits of the outer integral in Eq. 3.3 finite. After performing the
integral for the finite integration limits the diffraction pattern of a point source within
the optical setup from Fig. 3.4 is obtained. This pattern is called the excitation point-
spread function [47]. It consists of a bright region in the middle assisted by a decreasing
in intensity series of concentric rings around it called the Airy disk [2]. As the resolution
is defined as the minimal distance between two point-like emitters on the sample that
can be distinguished within a given imaging optical setup this means that two Airy disks
have to be distinguishable within a given imaging setup.

Figure 3.5: Diffraction limit criteria. Three different distinguishability criteria can be enumerated [32, 56].
λ refers to the wavelength of the illuminating light and N A stands for the numerical aperture of the illuminated
lens. See text for details.

Three different distinguishability criteria can be enumerated [32, 56] (see Fig. 3.5).
Firstly, the Rayleigh limit is defined as the distance between the maximal intensity of
an Airy disk of one point-like source (red) and the maximal intensity of an Airy disk of
a second point-like source which overlaps with the first minimum of the Airy disk origi-
nating from the first point-like source (blue), d = 1.22 λ

2N A . The Abbe limit is defined as

d = λ
2N A . Finally, the Sparrow limit is defined as the maximal distance between the max-

ima of two Airy disks originating from two neighboring point-like sources for which their
interference pattern shows only one maximum, d = 0.94 λ

2N A . In the above-given formu-
las λ stands for the wavelength of the illuminating light and N A stands for the numerical
aperture of the illuminated lens.

Every imaging optical setup, especially microscopes, performs a certain resolution.
In the case of a widefield fluorescence microscope, presented in Fig. 3.3 (a) and (b), the
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Rayleigh limit is usually chosen to define it. Therefore, the lateral resolution of a wide-
field microscope equals to rx,y = 1.22 λ

2N A [46]. In this case, N A refers to the numerical
aperture of the MO. A similar discussion can be carried out for the resolution along the
direction of light propagation. Applying an analog of the Rayleigh criterion in the trans-
verse plane, the distance between the intensity maximum and the first minimum of the
diffraction pattern in the longitudinal direction defines the axial resolution of a wide-
field microscope, rz = 2λn

N A2 [40, 47]. For visible wavelengths and typical optics, the lateral
resolution of 400−500 nm and axial of 650−800 nm can be obtained. Experimentally,
however, this can be achieved only when the incident beam reaching the focusing lens
is of a size comparable to or bigger than the lens aperture diameter. If this condition is
satisfied a diffraction-limited spot is obtained.

However, an improvement in the microscope’s spatial resolution can be done by ap-
plying different techniques. The first one assumes illuminating the sample with a point
source (or a laser beam in a single mode) and introducing a pinhole in the detection
plane [47] as shown in Fig. 3.3 (c). In widefield microscopy, when exciting a sample
placed in the focus of a lens with a Gaussian beam the excitation volume is character-
ized by the lateral and axial excitation point-spread functions and the respective lateral
and axial resolutions. Each emitter, within the excited volume, after absorbing a photon
emits a fluorescence photon which can be further captured by the MO. Depending on
the emitter’s exact position, the emission directions of the fluorescence photons enter-
ing the MO are slightly different. In particular, the fluorescence of two emitters located
at two different depths of the excited volume can be visualized as the red and orange ar-
rows in Fig. 3.3 (b) and (c). Introducing a pinhole in the focal point of the lens L enables
selective fluorescence transmission. Fluorescence from only one of the emitters is trans-
mitted through the pinhole and reaches the detector whereas the fluorescence from the
other emitter is blocked by the pinhole. The pinhole spatial filtering properties deter-
mine the detection point-spread function [47]. Such a microscope is called a confocal mi-
croscope. Its resolution is defined by the total point-spread function which is the prod-
uct of the excitation point-spread function (the same as in the widefield microscopy) and
the detection point-spread function. This leads to the lateral resolution improvement of
around 28% and to the axial resolution improvement of around 25% when compared
to the widefield microscope setting [59, 66, 40, 47]. Additionally, apart from the influ-
ence on the microscope’s resolution, introducing the pinhole enables blocking any of
the residual pump light reflected from the sample and leaking into the detection part of
the setup.

Further resolution enhancement can be achieved when harnessing super-resolution
techniques [65] including structured illumination microscopy (SIM) [30, 35, 48], stim-
ulated emission depletion microscopy (STED) [33], photo-activation localization mi-
croscopy (PALM) [12, 34] or stochastic optical reconstruction microscopy (STORM) [55]
to name a few. Improvements come when using quantum optics and single photon
counting methods, which is the case for quantum image scanning microscopy [62] re-
quiring a priori information of the number of photons emitted by a sample. In two-
photon absorption microscopy near simultaneous absorption of two photons allows for
a better sample sectioning [43]. Its quantum counterpart, entangled two-photon ab-
sorption [24, 18], replaces high-energy light pulses with photon pairs, which widens the
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range of applicability due to significantly reduced intensity.

3.4. GHOST IMAGING
A substantially different technique of imaging, as opposed to those presented in the pre-
vious section, is ghost imaging (GI). It was introduced in the late 80s by Klyshko et. al. [38]
and experimentally demonstrated for the first time in the mid-90s by Pittman et. al. [50].
The two correlated photons, traditionally called signal and idler, in the original scenario
are generated in the process of spontaneous parametric down-conversion (SPDC). The
idler photon, used as a reference, when detected by a finite-size detector heralds the
presence of the signal photon, which is used to probe the sample. This scheme was
called quantum ghost imaging. Similar scenarios exploiting thermal [10, 28] or pseu-
dothermal light sources were proposed as well [25]. This concept was further developed
in the context of fluorescence imaging by using spatially and temporally resolved de-
tection [57], where the heralded signal photon is absorbed and then the fluorescence is
emitted and detected. It is noted that the image of the sample is formed by coincidence
detection of the reference and fluorescence photons. Although GI proved to be useful
in the context of turbulence-free GI and GI in turbid media [29, 42, 19, 13] or two-color
imaging GI [54, 15, 5, 41], it was demonstrated that its resolution was fundamentally
limited by the standard diffraction limit and does not enable sub-Rayleigh imaging [44].

3.5. NUMBER OF EMITTERS
As already mentioned, the resolution of different imaging techniques is limited. In par-
ticular, this applies to fluorescence imaging techniques, which means that several emit-
ters, located at distances below the microscope’s resolution, can give a contribution to
the same spot on a fluorescence image. Therefore, a method to determine the number of
emitters within a bright spot is useful. The Hanbury Brown and Twiss (HBT) experiment,
introduced in the previous chapter, can be used for this purpose. For a two-level system,
the autocorrelation function reads

g (2)(τ) = 1− 1

N
exp

(−γτ), (3.4)

where N stands for the number of emitters and γ for the fluorescence decay rate [36].
Therefore, measuring the g 2(0) enables estimating the number of emitters in the bright
spot. For instance, g 2(0) = 0 would correspond to 1 emitter, and g 2(0) = 1

2 would cor-
respond to 2 emitters. This method, however, is limited to 3−4 emitters due to the fact
that the intensity of the autocorrelation function at zero delay time quickly approaches
values close to the values corresponding to large delay times [36]. Hence, within the
measurement error, they cannot be distinguished for N > 4. For a higher number of
emitters within a bright spot, more sophisticated methods including a higher number of
detectors could be used [36].

In the case of a single NV center modeled as a three-level system (see Fig. 3.6) the
formula given in Eq. 3.4 becomes slightly more complicated [11]

g (2)(τ) = 1−β 1

N
exp

(−γ1τ
)+ (β−1)exp

(−γ2τ
)
, (3.5)



3

42 3. MATTER

where γ1,γ2,β are defined as

γ1 = k12 +k21, (3.6)

γ2 = k31 + k12k23

k12 +k21
, (3.7)

β= 1+ k12k23

k31(k12 +k21)
, (3.8)

and N stands for the number of emitters. The ki j , for i , j = 1,2,3, are the transition rates
between i -th and j -th levels included in the level structure in Fig. 3.6 (a). The three-level
system g (2)(τ) function described by Eq. 3.5 is presented in Fig. 3.6 (b) for an exemplary
set of parameters including N = 1. The presented plot visualizes the typical for a single
NV − bunching-antibunching behavior evincing a clear dip to zero for a zero delay time,
a rise above 1 for short delay times, and an asymptotic drop to 1 for longer delay times.

(a)

-200 -100 0 100 200
τ, ns

0.5

1.0

1.5

g(2)(τ)

(b)

Figure 3.6: (a) Simplified NV− center energy structure with marked transition rates. (1) and (2) stand for the
triplet ground and excited states, respectively. (3) represents effectively the NV− singlet state. (b) The three-
level system g (2)(τ) function described in Eq. 3.5 plotted for an exemplary set of parameters: N = 1, γ1 =
0.1∗10−9 Hz, γ2 = 0.007∗10−9 Hz, β= 1.7.

For appropriate analysis, the raw histogram data obtained in the HBT experiment,
g (2)

exp.(τ), has to be normalized [14]

g (2)
nor m.(τ) = g (2)

exp.(τ)/(S1S2wT ), (3.9)

where S1,S2 stand for the individual detectors count rates, w stands for the histogram
binwidth and T for the integration time. Subsequently, the normalized histogram needs
to be corrected for the incoherent light collected by the single-photon detectors accord-
ing to the procedure [11, 14, 60, 17]

g (2)
cor r.(τ) = 1

ρ2 (g (2)
nor m.(τ)−1)+1 (3.10)

where ρ = S
S+B is a correction coefficient with S standing for the fluorescence signal

counts and B for the incoherent background counts.
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MICROSCOPY WITH HERALDED

FOCK STATES

What is essential
is invisible to the eye.

Antoine de Saint-Exupery

This chapter consists of Article A2. comprising the thesis together with a short Article de-
scription, the motivation behind it in the context of the thesis, and the author’s contribu-
tion statement.
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4.1. INTRODUCTION
Quantum ghost imaging is a technique that enables one to control the light interacting
with an atomic system within a microscopy setting. Article A2. considers a quantum
ghost imaging setup, where a sample is illuminated by quantum light in a Fock state.
Here, the Spontaneous parametric down-conversion (SPDC) heralded single photons
are used as a source of quantum illumination. The SPDC-generated photon pairs are
described by a biphoton wavefunction which is further propagated through a given op-
tical setup and analyzed at different steps of the propagation path. The analysis includes
not only the spatial mode profile investigation but also examining its phase. Analytical
expressions for the spatial mode tracking together with the widths of the heralded and
non-heralded modes are provided. These analytical results are supported through nu-
merical calculations, and a comprehensive discussion considering practical factors like
finite-size optics and single-photon detectors. As a result, it is demonstrated that the
diffraction limit can be approached while mitigating photon losses, which leads to an en-
hanced signal-to-noise ratio - a critical factor for the practical use of quantum light. Fur-
thermore, it is shown that spatial resolution manipulation is possible by careful prepa-
ration of the amplitude and phase of the spatial mode profile of the single photon at the
microscope objective’s input. This is proven to be true for both quantum and classical
light. Spatial entanglement of the biphoton wavefunction or adaptive optics can be uti-
lized for this purpose. Analytical formulas describing how the parameters of the incident
and focused spatial mode profiles are related are provided.

In the context of this thesis, the intention of this study was to analyze in detail the
behavior of quantum light prepared in a Fock state within a microscopy setting. This is
important in the context of light-matter interaction investigation on the single photon
level.

4.2. AUTHOR CONTRIBUTION STATEMENT
In Article A2., I was responsible for carrying out all of the published analytical and nu-
merical calculations together with the analysis of the following results. The Article was
written by me, Piotr Kolenderski, and Christopher J. Pugh (listed in order from most in-
volved to least involved). The contribution statements of the coauthors are included on
the last pages of this thesis.

4.3. ARTICLE A2
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Abstract: We consider a microscopy setting where quantum light is used for illumination.
Spontaneous parametric down conversion (SPDC) is used as a source of a heralded single photon,
which is quantum light prepared in a Fock state. We present analytical formulas for the spatial
mode tracking along with the heralded and non-heralded mode widths. The obtained analytical
results are supported by numerical calculations and the following discussion taking into account
realistic setup parameters such as finite-size optics and finite-size single-photon detectors. This
allows us to observe that the diffraction limit can be approached with simultaneous alleviation of
the photon loss leading to increased signal-to-noise ratio – a factor limiting practical applications
of quantum light. Additionally, it is shown that the spatial resolution can be manipulated by
carefully preparing the amplitude and phase of the spatial mode profile of the single photon at the
input to the microscope objective. Here, the spatial entanglement of the biphoton wavefunction
or adaptive optics can be applied for spatial mode shaping. Analytical dependencies between the
incident and focused spatial mode profiles parameters are provided.
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1. Introduction

Complete control of a light beam consists of the ability to manipulate all its degrees of
freedom, comprising the wavelength, polarization, intensity, and the spatial mode profile (SMP).
Wavelength and polarization are especially important for investigating light-matter interaction as
they have to match the absorber’s energy structure and dipole moment orientation, respectively.
Additional information can, in principle, be extracted from a sample by using quantum light
illumination with well-defined photon number statistics. The process of SPDC is a well-known
method for generating photons in a Fock state. In addition, the SMP of a light beam directly
determines the lateral resolution of a microscope, which is bound by finite-size optics and results
in the fundamental diffraction limit. It is given by eg. the Rayleigh criterion [1,2], 0.61λ/NA,
where λ is the wavelength of the illuminating beam and NA stands for the numerical aperture
of the optical setup, typically the microscope objective (MO). For the visible range and typical
optics, it gives a spot size of the order of 200 nm. Such a characterization of the light beam
is primarily interesting from the fundamental point of view, but additionally, it is important in
the context of quantum microscopy, where the classical resolution limit can be beaten when
exploiting NOON states [3,4].

Quantum ghost imaging [5–7] is a method allowing one to control the light interacting with
an atomic system in a microscopy setting. There are a few technical challenges to overcome to
make it efficient in a real experimental setup. High-brightness photon-pair sources are one of the
elements [8]. Moreover, the photon loss in the experimental setup is critical for experiments
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relying on coincidence detection measurements, as the inefficiency scales quadratically with
attenuation. However, in a classic approach achieving the diffraction limit requires the lateral
spatial mode of the light entering a microscope objective to be comparable with the size of its
entrance aperture. This in turn introduces photon loss, which reduces the signal-to-noise ratio of
the final measurement.

In this work, we focus on the resolution and the photon loss problem of a quantum ghost
imaging setup, where the sample is illuminated by SPDC-generated heralded single photons. In
contrast to the literature of the subject [9,10], we investigate not only the fundamental limits of the
resolution, but we also analyze the illuminating beam SMP parameters together with the photon
loss problem. The article is organized as follows. In the first part, we present an introductory
discussion regarding the impact of the phase profile of a light beam entering a microscope
objective on the resulting focused spot size. Next, in the main part of the work, we perform a
systematic theoretical analysis of the single photon SMP in the framework of quantum ghost
imaging introduced by Pittmann et al. [6]. Using mathematical tools developed by Abouraddy
et al. [11], a general Gaussian form of a correlated biphoton wavefunction, describing a pair
of photons produced in the SPDC process, is propagated through an optical setup. The signal
photon SMP is studied in the heralding scheme and a comparison with the non-heralding scheme
is provided. Our conclusions are supported by numerical calculations and analytical formulas.
The calculations were made for realistic experimental parameters.

2. Single mode propagation

Let us assume a Gaussian beam, which is described by a function, ψ1(x), in the following form:

ψ1(x) = N1 exp

(︄
−(x − x1)2

σ2
1

+ iϕ(x)
)︄
, (1)

where σ1 is the spatial mode width, x1 is its central position, N1 stands for a normalization
constant, and

ϕ(x) = Ax2 + Bx + C (2)

is the phase. The free-space propagator that we apply here is of the form exp
(︁−iπ(x′ − x)2/λd

)︁
[2], where d is the propagation distance and λ is the wavelength. Similarly, the respective
transformation of a lens of focal length f reads exp

(︁
iπx2/λf

)︁
. We consider propagation through

a lens of infinite aperture. The resulting amplitude at a distance equal to the lens focal length, f ,
is then described by:

ψ2(x) = N2 exp (−(x − x2)2
σ2

2
+ iϕ2(x)), (3)

where the output beam width equals to:

σ2 =
fλ
πσ1

√︂
1 + A2σ4

1 , (4)

and its central position reads:

x2 = − fλ
2π

(2Ax1 + B). (5)

The normalization constant N2 and the resulting phase ϕ2(x) are not important for further
discussion. One can clearly see that σ2 depends not only on the width of the SMP entering the
lens, σ1, but also on the quadratic phase coefficient, A, of the incoming light. As a result, the
quadratic phase makes the resulting beam wider. The central position of the propagated beam,
however, depends not only on the central position of the incoming beam x1, but also on the
quadratic, A, and linear, B, phase coefficients. This leads to the conclusion that by imprinting
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an appropriate input beam phase both the width and the central position of a Gaussian beam
propagated through a lens can be manipulated. In particular, a phase-altering device like a
spatial light modulator (SLM) could be used for beam manipulation. Although beam steering
with SLMs is a known method [12], here we provide an analytical description of how the SMP
after the lens depends on the phase of the incident light beam. Please note that the discussion
presented above can apply to both classical light and single photons.

3. Biphoton propagation

Here we present the framework for the propagation of a pair of photons in a microscope setup
given in Fig. 1. We assume that the probability density amplitude of generating a pair in a
nonlinear crystal, where the idler and signal directions are given by κi, κs, is of a general Gaussian
form [10,13] and reads:

ψ̃in(κs, κi) = N exp

(︄
−1

4

(︄
κ2

s

δ2
s
+
κ2

i

δ2
i
− 2κiκsρ

δiδs

)︄)︄
, (6)

where δs, δi stand for the mode profile radii of the signal and idler photons, ρ is the Pearson
coefficient, which is a measure of quantum correlation (entanglement), and N is the normalization
constant. The relationship between Eq. (6) and the double-Gaussian approximation of the sinc-
Gaussian biphoton wavefunction can be found in Refs [10,14]. The parametrization used in
the present paper however, enables direct access to the correlation parameter, ρ, which impacts
the SMP of the signal photon that we wish to investigate. Nevertheless, it leads to correlation-
dependent marginal distributions widths δs/

√︁
1 − ρ2 and δi/

√︁
1 − ρ2 for signal and idler photons,

respectively. Please note that the formula given in Eq. (6) and the following discussion concern a
single transverse spatial dimension for each of the photons, the signal, and the idler.

The pair generated in a nonlinear crystal propagates through the optical setup depicted in
Fig. 1. The idler photon, used as a reference, travels through a system of two lenses and is finally
measured by a single-photon detector, which heralds the signal photon. The distances between
the source, the two lenses (Ls1, Ls2) and the heralding plane in the idler photon path are di1, di2,
and di3, respectively. The signal photon, which is used as a probe, propagates through a lens (Ls)
and later is focused on a sample by a MO. Changing the focal length of the Ls lens, fs, allows for
simple manipulation of the signal photon spatial mode before the MO. The fluorescence from the
sample can be spectrally filtered and registered by a large-area single-photon detector, providing
no spatial resolution. The distances between the source, first lens, MO, and the sample in the
signal photon path are ds1, ds2 and ds3, respectively. The focal lengths of the lenses in the idler
arm are fi1 and fi2 and in the signal arm are fs and fMO. The formulas for the free-space propagator
and the respective lens propagator were already given in the previous section. All of the lenses
are assumed to be thin and their apertures are Ri1, Ri2 for the idler and Rs, RMO for the signal
arm. All of the optical system parameters listed so far are combined into a parameter vector p⃗ for
convenience of notation. This allows us to symbolically represent the resulting wavefunction of
the idler photon in the heralding detector plane and the signal photon at the sample plane in the
following compact form [2,15]:

ψout(xs, xi) =
∫ ∞

−∞
dx′s

∫ ∞

−∞
dx′i Geff(x′s, x′i , xs, xi, p⃗) ψin(x′s, x′i ). (7)

Here, ψin(x′s, x′i ) stands for the Fourier transform of the initial biphoton wavefunction given
in Eq. (6) and Geff(x′s, x′i , xs, xi, p⃗) stands for the effective transformation including respective
free-space propagation and lens transformations in both arms.

The biphoton wavefunction, as presented above, allows us to analyze the influence of the spatial
entanglement on the performance of the single photon illumination. When the idler photon is
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Fig. 1. Experimental setup concept. The input biphoton wavefunction, ψin, is generated
in a nonlinear crystal by means of SPDC process. The signal photon propagates through
free-space (ds1), signal arm lens Ls (fs), free-space (ds2), microscope objective MO (fMO),
again free-space (ds3) and hits a sample. The fluorescence from the sample can be collected
by a large-area detector. The idler photon propagates through free-space (di1), first idler
arm lens Li1 (fi1), free-space (di1), second idler arm lens Li2 (fi2), again free-space (di3) and
hits a detector. The wavefunction propagated through free-space, first lens, and again free
space on the signal arm and through the whole idler arm is denoted by ψmid(x′s, xi), whereas
the output wavefunction propagated through the whole signal and idler arms is denoted by
ψout(xs, xi). Typical joint probability distributions |ψmid(x′s, xi)|2 (blue) and |ψout(xs, xi)|2
(pink) computed for a correlation of ρ = 0.9 are presented in the contour plots.

measured in the heralding plane at position xi by a point-like detector (PLD), the probability
density of the signal photon detection at the sample plane at position xs is given by:

pPLD(xs; xi) = |ψout(xs, xi)|2. (8)

The probability to detect the signal photon heralded by a finite size detector (FSD) can be
evaluated by integrating the probability density, given by the formula above, over the active
area of the heralding device. In turn, if the information about the idler photon’s location is
disregarded, the probability density, ps(xs), of detecting the signal photon at position xs can be
found by tracing over the idler photon’s position, which results in the following formula:

ps(xs) =
∫ ∞

−∞
dxi |ψout(xs, xi)|2. (9)

The spatial mode intensity profile of the idler photon, pi(xi), can be computed analogically.
The two formulas, Eq. (8) and Eq. (9), constitute the framework for our analysis of the effects
of entanglement and spatially resolved detection, which can be used to control the illumination.
Equation (8) is related to the heralding and Eq. (9) to the non-heralding scenario.



Research Article Vol. 31, No. 13 / 19 Jun 2023 / Optics Express 20633

4. Results

Here we perform the analysis of the signal photon SMP in the regime of experimentally accessible
setup parameters (see Sec. 4.2 for details). Due to the finite lateral size of lenses, an accurate
analysis requires numerical calculations. Nevertheless, to get a better understanding of the
presented problem, a simplified analysis assuming infinite lenses will be performed first, as in
this case the calculations yield analytical formulas. Such assumption can be justified, as for the
considered ranges of parameters, the mode profiles entering the signal lens and both idler arm
lenses are much smaller than typical lens apertures. This argument however, does not apply to the
case of the MO entrance pupil diameter, which can be comparable or even smaller, than the SMP.
Even though such simplification certainly introduces substantial limitations, like the absence of
the diffraction limit, a great part of the outcomes still remain valid in the finite lens scenario.
In addition, it enables an in-depth analysis of the considered problem. After the simplified,
qualitative analysis, the more accurate, quantitative analysis, will be presented.

4.1. Qualitative analysis

The signal photon SMP will be analyzed in two characteristic spots: just before the MO and in
the focal plane of the MO, which is the sample plane. This can be done by evaluating analytically
Eq. (7), which is possible due to the Gaussian form of all the involved functions. The lenses were
placed at the respective focal distances, which corresponded to ds1 = fs, ds3 = fMO, di1 = fi1 and
di3 = fi3.

First, we analyze the SMP of the signal photon at the entrance to the MO. This is done by
using in Eq. (7) a propagator related to the full path propagation in the idler arm and propagation
up to the MO in the signal arm. Then the width of the non-heralded signal photon SMP before
the MO reads:

1
π

√︄
π2(ds2 − fs)2

δ2
s f 2

s
+
δ2

s f 2
s λ

2

1 − ρ2 , (10)

whereas the width of the signal photon SMP before the MO heralded by a PLD in the idler arm is
given by:

1
π

√︄
π2(ds2 − fs)2

δ2
s f 2

s
(1 − ρ2) + δ

2
s f 2

s λ
2

1 − ρ2 . (11)

The derivation details of the above-given formulas can be found in Appendix A. Please note
that the width of the SMP of the signal photon heralded by a PLD does not depend on the
heralding detector position, xi. Heralding at different xi however, has impact on the mode center
location before the MO. In consequence, it is responsible further for the spatial mode central
location after the full propagation as discussed in Sec. 2. The dependence of the non-heralded and
heralded widths on the distance between the lenses in the signal arm is very weak for reasonable
values of ds2, reachable on a typical optical table. This corresponds to a width difference on a
level below 1.5% when changing the lens distance from 5 cm to 2 m. However, for a particular
choice of ds2 = fs the formulas given in Eq. (10) and Eq. (11) both simplify to: δsfsλ/π

√︁
1 − ρ2.

This means that there is no correlation in the amplitude of the biphoton wavefunction. Hence, no
narrowing nor change of the central position of the SMP can be observed.

The SMP widths of the non-heralded signal photon after full propagation at the sample plane
can be computed as:

1
δs

fMO
fs

(12)

in the non-heralded case and as
1
δs

fMO
fs

√︂
1 − ρ2 (13)
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in the heralded case. The derivation details of the above-given formulas can be found in Appendix
A. When comparing the widths obtained above it can be seen that the narrowing factor reads:√︁

1 − ρ2. This is, as mentioned at the beginning of this section, only valid for an infinite lens
scenario. In the case where finite lenses were used, the heralding ratio would be limited by the
diffraction limit. It should be noted that these widths do not depend on the distance between
the lenses ds2 nor the heralding position xi. What the heralding position influences is the signal
photon SMP center location. This dependence is given by the formula:

xsC = − fi1fMO
fsfi2

δi
δs
ρ · xi. (14)

As already mentioned, under typical experimental conditions, the widths of the SMPs of the
heralded and non-heralded signal photons before the MO weakly depend on the distance ds2.
What, however, significantly depends on ds2 is the phase of the heralded signal photon before
the MO. This phase in turn impacts further the SMP of the signal photon at the sample plane as
discussed in Sec. 2. To see that let us consider the wavefunction before the MO in more detail
including not only its amplitude but also its phase profile.

The amplitude of the biphoton wavefunction before the MO is given by a two-dimensional
Gaussian function of exactly the same structure as the input wavefunction given in Eq. (6). The
acquired phase however, is given by a general quadratic function of the position variables, xs and
xi, of the signal and idler photons, ax2

s + bxixs + cx2
i . When heralded by a PLD, xi =const., the

signal photon wavepacket before the MO becomes a pure state, where a general description like in
Sec. 2 can be applied. Then the amplitude reduces to a Gaussian function like in Eq. (1) and the
phase to a quadratic function like in Eq. (2). The formulas for the phase parameters, A, B, and C,
with explicit dependence on the optical setup parameters, were derived and can be found below

A =
π3 (︁

ρ2 − 1
)︁2 (fs − ds2)
λX

, (15)

B =
2πδiδ

3
s fi1f 3

s λρ

fi2X
∗ xi, (16)

C =
π

(︁
δ2

i δ
2
s f 2

i1f 2
s λ

2ρ2(fs − ds2)/X + fi1 + fi2 − di2
)︁

f 2
i2λ

∗ x2
i , (17)

where

X = π2(ρ2 − 1)2
(︃
(fs − ds2)2 +

f 4
s δ

4
s λ

2

(ρ2 − 1)2π2

)︃
.

The derivation details can be found in Appendix A. It can be easily seen that the distance
between the Ls lens and the MO, ds2, influences both the A and B parameters. In particular, if
this distance satisfies the condition ds2 = fs, the A parameter vanishes and the B parameter takes
its maximal value. Applying here the conclusions from Sec. 2 one can clearly see, that the signal
photon’s SMP will become the smallest for A = 0 (see Eq. (4)). Additionally, from Eq. (5) one
concludes that the location of the center of the heralded signal photon wavepacket depends not
only on the central position of the signal photon spatial mode entering the MO but also on the
quadratic, A, and linear, B, phase parameters. This means the condition ds2 = fs leads to the
highest sensitivity of remote steering of the signal photons beam. On the other hand, when fixing
ds2 ≠ fs, the quadratic phase parameter, A, becomes nonzero. It results in the SMP of the signal
photon at the sample plane to be broader than its minimal value obtained for A = 0. This effect
in principle can be reversed by introducing a phase-altering optical device which can modify
the phase of a photon entering the MO. Moreover, tuning both the A and B parameters would
enable wavepacket focusing on different positions in the detection plane. Although introducing
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an additional optical device comes with more photon loss, it might be considered for example as
an alternative to standard scanning methods in standard microscopy.

The conclusions resulting from the analytical discussion presented above are entirely valid
only when the incident photons SMPs are much smaller than the entrance pupil diameter of the
lenses in the setup. It is crucial primarily when discussing the signal photon SMP of the signal
photon after the full propagation. To show the impact of the spatial entanglement on the SMP of
the signal photon in the sample plane exactly numerical simulations with finite-size optics and
experimentally accessible parameters were necessary.

4.2. Quantitative analysis

Let us now consider typical experimental parameters including finite-size lenses. The mode
profiles of the photons generated by an example SPDC source were set to be equal, δs = δi = 1/70
µm−1. These values are typical for a 5 mm thick BBO crystal pumped with a 400 nm laser beam,
focused to a spot of 100 µm diameter. This leads to the Pearson coefficient of approximately
0.9 [10,16]. Spectrally degenerate SPDC was considered and the wavelengths of the idler and
signal photons were set to 800 nm. The idler arm lenses’ focal lengths were set to fi1 = 75
mm and fi2 = 1000 mm. They were chosen in such a way, that together with the choice of the
SPDC source parameters, the SMP of the idler photon in the detection plane was big enough so
that the detection in the heralding scenario by a commercially available detector, of an active
area 100 µm, could be considered as PLD. To vary the signal photon SMP before the MO, σmid,
simulation over a range of fs ∈ (100, 1000) mm was run. Such choice of the Ls lens focal lengths
allowed for the σmid to be greater or comparable with the MO entrance aperture (fs = 1000 mm)
or significantly smaller (fs = 100 mm). All of the lenses had finite apertures of the diameters:
2 · Rs = 2 · Ri1 = 25 mm and 2 · Ri2 = 50 mm. The parameters of the MO were set to fMO = 4
mm and 2 · RMO = 5.2 mm which leads to a typical NA. All of the lenses were placed at the
respective focal distances, which corresponded to ds1 = fs, ds3 = fMO, di1 = fi1 and di3 = fi3. The
distances between the lenses were set to the same values for both arms, ds2 = di2 = 800 mm.
The simulation results turned out not to be sensitive to this parameter in a reasonable range.
Additionally, we assumed that the spectrum of the signal photon matches the absorption profile
of a given sample and that the spectrum of the idler photon allows the use of a free-space single
photon detector. Simulation for ρ = 0 was run for comparison. In this case, different crystal
parameters were chosen such that they led to the same biphoton wavefunction parameters.

An example simulation result illustrating the effect which is investigated here is given in
Fig. 2. Panel (a) presents the joint spatial probability distribution, |ψout(xs, xi)|2, computed for
correlation coefficient ρ = 0.9 and for fs = 100 mm. The grey Gaussian curves in panels (b) and
(c) are the non-heralded probability density distributions, as given in Eq. (9), of the idler and
signal photon detection, respectively. When the idler photon is detected by a PLD at the point in
the center, xi = 0 µm, or at a side xi = −510 µm (marked on panel (b) by dark and light blue
lines, respectively), then the SMP of the signal photon is given by a function, drawn in the same
color on panel (c). FSD results for a commercially available 100 µm-active-area detector were
obtained as well and are very similar to the PLD ones.

The analysis of the signal photon SMP in the sample plane together with the transmission
through the MO for a complete set of parameters is given in Fig. 3. The x-axis of each plot
represents the width of the SMP, σmid, at the entrance to the MO. Here, the width, σmid, is
defined as the radius of an iris, which is able to transmit 99% of the photons. The left y-axis
represents the FWHM of the Gaussian fit to the output SMP at the sample plane, σout, whereas
the right y-axis stands for the wavepacket transmission through the MO. Four figures of merit are
presented on each plot as a function of the SMP’s width before the MO: 1) output SMP width
in the non-heralding scenario (light blue, dotted), 2) output SMP width in the heralding, PLD
scenario (dark blue, dotted-dashed), 3) transmission of the wavepacket through the MO in the



Research Article Vol. 31, No. 13 / 19 Jun 2023 / Optics Express 20636

Fig. 2. Entanglement assisted wavepacket narrowing (a) Example joint probability
distribution, |ψout(xs, xi)|2. The contours are equally spaced. (b) Marginal probability
of detecting the idler photon when neglecting information about the signal photon, pi(xi)
(grey). (c) Marginal probability of detecting the signal photon when neglecting information
regarding idler photon, p(xs) (grey). Heralded (PLD) signal photon SMPs (blue). The plots
were generated for ρ = 0.9 and fs = 100 mm. The horizontal, solid lines at xi = 0 µm and
xi = −510 µm represent the detector’s locations.

non-heralding scenario (light-grey, dashed), and 4) transmission of the wavepacket through the
MO in the heralding scenario (dark-grey, dashed). In the heralding scenario the PLD was placed
at xi = 0 but placing the detector at any other position leads to the same result, as our numerical
simulation results confirm and our analytical study supports.

First, let’s discuss the SMP characteristics at the sample plane in the heralding and non-
heralding scenarios. In the case where the photon pair features no entanglement, ρ = 0, the width,
σout is identical in both, heralding and non-heralding, scenarios as it can be seen in Fig. 3(a).
Moreover, as expected, a bigger spatial mode entering the MO corresponds to a smaller SMP
in the sample plane. Figure 3(b) displays the difference when entanglement is introduced. The
monotonicity of the σout as a function of σmid is preserved, but the sets of points for the heralding
and non-heralding scenarios do not overlap anymore. It can be seen that for a given width of
the spatial mode entering the MO, σmid, one cannot achieve in the non-zero correlations case
and non-heralding scenario as small spot size as in the zero-correlations one. To approach
the diffraction limit, heralding is necessary. For instance, ρ = 0.9 for fs = 200 mm, which
corresponds to around σmid = 2.15 mm, leads to the resolution of approximately 1.62 µm in the
non-heralding scenario, whereas 0.76 µm resolution is obtained when heralding. This result
is interesting from the fundamental point of view. It shows that when using SPDC source to
illuminate a sample with quantum light and therefore dealing with spatially correlated photon
pairs it is not sufficient to have the spatial mode of a comparable size to the focusing lens aperture.
In this case, a heralding scenario has to be additionally applied to approach the diffraction limit.

When working with single photons it is very important to analyze the diffraction limit together
with the transmission through the MO. What can be observed in Fig. 3(b) is that in the case of
non-zero correlations and a non-heralding scenario (light-blue, solid), the diffraction limit can be
approached with the transmission below 0.7. However, when the signal photon is heralded at
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Fig. 3. Approaching the diffraction limit. Width of the signal photon wavepacket after
propagation through the whole optical setup, σout, together with the transmission of the
signal photon, T , as functions of the width of the signal photon wavepacket before the
MO, σmid. σout is defined as the FWHM of the Gaussian fit to the output wavepacket
whereas σmid is defined as the radius of an iris able to transmit 99% intensity of the photon
profile described by the wavepacket ψmid. Light-blue, solid: σout(σmid) in the non-heralded
scenario. Dark-blue, dashed: σout(σmid) in the heralded scenario with PLD placed at xi = 0.
Light-grey, solid: T(σmid) in the non-heralded scenario. Dark-grey, dashed: T(σmid) in the
heralded scenario. The diffraction limit is marked as a red solid line which was obtained by
propagating a delta function, δ(x), through the optical setup and from a Gaussian fit the width
of σout,δ(x) =

√
2ln2 ·σδ(x) = 526.22 nm was obtained, where σδ(x) is the Gaussian function

fit parameter. The simulation was run for fs ∈ (100, 1000) mm and ρ = 0, 0.9, where fs was
the parameter used for the signal photon SMP before the MO, σmid, determination. fs = 100
mm corresponds to the smallest σmid and fs = 1000 mm to the biggest. Note, that the σmid
takes different values for the same fs in the case of different correlations ρ and hence leads
to different σmid-axis ranges.

xi = 0 (dark-blue, dashed), the diffraction limit with a much greater transmission, above 0.95, is
achieved. Nevertheless, the heralded single-photon transmission and heralding efficiency both
decrease when heralding at xi ≠ 0. This is related to the heralded mode central position tracking
according to Eq. (14) and the heralding efficiency proportionality relation to the non-heralded
mode intensity profile. These are important observations in the context of applications making
use of correlated photon pairs, like quantum ghost imaging or quantum microscopy, where any
loss is detrimental.

Analogous results to those presented in Fig. 2 and Fig. 3 were obtained in a scenario were a PLD
was replaced with a finite size detector (FSD). A commercially available, 100 µm-active-area
FSD was chosen and it resulted in a negligible difference in the SMP of the signal photon. It was
not bigger than 1% for all sets of parameters. Also, we determined the maximal active area of
the FSD, which still approximates the PLD well. This was done by placing a heralding PLD
detector in the signal photon arm and investigating the SMP of the idler photon in a heralding
scheme designed this way. The SMP of the heralded idler photon settled the maximal size of the
FSD for a given set of parameters. For the Ls lens focal length equal to the extreme values of the
simulated range, it resulted in the FSD active area on the order of 480 µm for fs = 100 mm and
960 µm for fs = 1000 mm. We found out that such replacement would correspond to respectively
4% and 18% change in the SMP width of the signal photon.

5. Summary and outlook

Summarizing, the SMP of a heralded single photon in a quantum microscopy setting was analyzed.
Analytical formulas for the infinite-size optics scenario were provided and numerical calculations
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were presented for the finite-size optics one. The analysis was done for an experimentally
accessible set of parameters including finite-size detectors. It was demonstrated that the
microscope resolution depends not only on the spatial mode of the photon entering the MO but
also on its phase profile. This was shown to be accurate both for quantum and classical light. We
have provided analytical formulas on how to prepare a phase-altering device at the entrance to a
lens to manipulate the SMP of a Gaussian beam propagated through the lens. In particular, when
non-optimal distance between signal arm lenses was chosen, and hence a non-zero quadratic
phase before MO appeared causing the heralded SMP broadening, it was shown that it could be
compensated by an adaptive optics device.

Additionally, the presented work constituted a framework for a quantum light illumination in
a ghost-imaging microscopy setting. Multi-photon Fock states were already proven to enable
beating the diffraction limit [3,4] and hence resulted in the lateral resolution improvement.
Similarly, the correlation in the number of photons may enable resolution improvement.

Appendix A: biphoton wavefunction propagation

To analyze the signal photon SMP in a chosen spot of the experimental setup depicted in Fig. 1,
the biphoton wavefunction Eq. (6) has to be propagated. In the main text the signal photon
SMP is analyzed in two characteristic spots: just before the MO and in the focal plane of the
MO, which is the sample plane. This is done by evaluating analytically Eq. (7) with appropriate
propagators. Now, the propagation up to the two aforementioned characteristic spots will be
analyzed separately.

A.1 Before the MO

To obtain the analytical formula for the signal photon SMP at the entrance to the MO Eq. (7) has
to be analytically evaluated using a propagator related to the full path propagation in the idler
arm and propagation up to the MO in the signal arm. This corresponds to

ψmid
(︁
x′s, xi

)︁
=

∫ +∞

−∞
dx′iSx

(︁
x′i , xi, di3

)︁
L

(︁
x′i , fi2

)︁
×

∫ +∞

−∞
dx′′s

∫ +∞

−∞
dx′′i Sx

(︁
x′′s , x′s, ds2

)︁
Sx

(︁
x′′i , x′i , di2

)︁
L

(︁
x′′s , fs

)︁
L
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x′′i , fi1

)︁
×

∫ +∞

−∞
dx′′′s
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−∞
dx′′′i Sx

(︁
x′′′s , x′′s , ds1

)︁
Sx

(︁
x′′′i , x′′i , di1

)︁ × ψin
(︁
x′′′s , x′′′i

)︁
,

(A-1)

where Sx(x′, x, d) = exp
(︁−iπ(x′ − x)2/λd

)︁
stands for the free-space propagator over a given

distance d and L(x, f ) = exp
(︁
iπx2/λf

)︁
stands for the lens of focal length f propagator. This, in

turn, can be formulated as

ψmid
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x′s, xi
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)︁ (A-2)

where
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)︁ (A-3)

is the effective propagator in Eq. (7).
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The input function, ψin, and the applied propagators are of a Gaussian form. Hence, the
integrands in Eq. (A-1) and Eq. (A-2) are also of a Gaussian form. It can be easily checked that
integration of a Gaussian function over infinite limits as a result gives again a Gaussian function.
The probability density of the non-heralded signal photon detection at the entrance to the MO
can be calculated as

∫ ∞
−∞ dxi |ψmid(x′s, xi)|2 and hence the result will be of a general form

|ψ1 (xs)|2 = |N1 |2 exp

(︄
−2

(xs − xs1)2
σ2

1

)︄
(A-4)

where ψ1(xs) is a 1-dimensional Gaussian function, given by Eq. (1) in the main text. In this way,
the σ1 parameter can be found which in this case corresponds to the width of the non-heralded
signal photon SMP before the MO expressed explicitly by Eq. (10) in the main text.

On the other hand, the probability density of the heralded signal photon detection at the
entrance to the MO can be calculated as |ψmid(x′s, xi)|2. The result will be again of the form given
by Eq. (A-4). This time the σ1 parameter would correspond to the width of the heralded signal
photon SMP before the MO given in Eq. (11) in the main text.

The formulas given in Eq. (15)–(17) are derived similarly by noticing that the imaginary part
of the index of the ψmid(x′s, xi) function is of a general form given by Eq. (2).

A.2 Sample plane

To obtain the analytical formula for the signal photon SMP at the sample plane Eq. (7) has to be
analytically evaluated using a propagator related to the full path propagation in both the idler and
signal photon arms. This corresponds to
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(A-5)

After some algebra, this can be formulated as
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where
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(A-7)

is the effective propagator in Eq. (7).
Similarly as in the previous subsection, the input function, ψin, and the applied propagators are

of a Gaussian form. Hence, the integrands in Eq. (A-5) and Eq. (A-6) are also of a Gaussian
form. The probability density of the non-heralded signal photon detection at the sample plane
can be calculated as

∫ ∞
−∞ dxi |ψout(x′s, xi)|2. The result will be again of the form given by Eq. (A-4).

In this way, the σ1 parameter can be found which in this case corresponds to the width of the
non-heralded signal photon SMP at the sample plane given explicitly by Eq. (12) in the main text.
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On the other hand, the probability density of the heralded signal photon detection at the sample
plane can be calculated as |ψout(x′s, xi)|2. The result will be again of the form given by Eq. (A-4).
This time the σ1 parameter would correspond to the width of the heralded signal photon SMP at
the sample plane given in Eq. (13) in the main text.
Funding. HORIZON EUROPE Framework Programme (101070062); Brandon University; Narodowe Centrum Nauki
(2019/35/N/ST2/03443).

Acknowledgments. All the authors acknowledge support by the National Laboratory of Atomic, Molecular and
Optical Physics, Toruń, Poland. MG and PK are grateful for insightful discussions with Sylwia M. Kolenderska.

Disclosures. The authors declare no conflicts of interest.

Data availability. No data were generated or analyzed in the presented research.

References
1. E. Hecht, Optics (Addison Wesley Publishing Company, 2002), chap. 10, pp. 443–518.
2. B. E. A. Saleh and M. C. Teich, Fundamentals of Photonics (John Wiley & Sons, INC, 2019), chap. 4, pp. 110–154.
3. D. S. Simon, G. Jaeger, and A. V. Sergienko, Quantum Metrology, Imaging, and Communication (Springer, Cham,

2016), chap. 4, pp. 91–112.
4. A. N. Boto, P. Kok, D. S. Abrams, S. L. Braunstein, C. P. Williams, and J. P. Dowling, “Quantum interferometric

optical lithography: Exploiting entanglement to beat the diffraction limit,” Phys. Rev. Lett. 85(13), 2733–2736 (2000).
5. D. N. Klyshko, “A simple method of preparing pure states of an optical field, of implementing the Einstein Podolsky

Rosen experiment, and of demonstrating the complementarity principle,” Sov. Phys. Usp. 31(1), 74–85 (1988).
6. T. B. Pittman, Y. H. Shih, D. V. Strekalov, and A. V. Sergienko, “Optical imaging by means of two-photon quantum

entanglement,” Phys. Rev. A 52(5), R3429–R3432 (1995).
7. G. Scarcelli and S. H. Yun, “Entangled-photon coincidence fluorescence imaging,” Opt. Express 16(20), 16189

(2008).
8. E. Meyer-Scott, N. Prasannan, C. Eigner, V. Quiring, J. M. Donohue, S. Barkhofen, and C. Silberhorn, “High-

performance source of spectrally pure, polarization entangled photon pairs based on hybrid integrated-bulk optics,”
Opt. Express 26(25), 32475–32490 (2018).

9. P.-A. Moreau, E. Toninelli, P. A. Morris, R. S. Aspden, T. Gregory, G. Spalding, R. W. Boyd, and M. J. Padgett,
“Resolution limits of quantum ghost imaging,” Opt. Express 26(6), 7528–7536 (2018).

10. J. Schneeloch and J. C. Howell, “Introduction to the transverse spatial correlations in spontaneous parametric
down-conversion through the biphoton birth zone,” J. Opt. 18(5), 053501 (2016).

11. A. F. Abouraddy, B. E. Saleh, A. V. Sergienko, and M. C. Teich, “Entangled-photon fourier optics,” J. Opt. Soc. Am.
B 19(5), 1174–1184 (2002).

12. D. Engström, J. Bengtsson, E. Eriksson, and M. Goksör, “Improved beam steering accuracy of a single beam with a
1d phase-only spatial light modulator,” Opt. Express 16(22), 18275–18287 (2008).

13. C. J. Pugh, P. Kolenderski, C. Scarcella, A. Tosi, and T. Jennewein, “Towards correcting atmospheric beam wander
via pump beam control in a down conversion process,” Opt. Express 24(18), 20947 (2016).

14. M. L. Zhong, P. Xu, L. L. Lu, and S. N. Zhu, “Resolution of ghost imaging with entangled photons for different types
of momentum correlation,” Sci. China Phys. Mech. Astron. 59(7), 670311 (2016).

15. K. Sedziak, M. Lasota, and P. Kolenderski, “Reducing detection noise of a photon pair in a dispersive medium by
controlling its spectral entanglement,” Optica 4(1), 84–89 (2017).

16. M. P. Edgar, D. S. Tasca, F. Izdebski, R. E. Warburton, J. Leach, M. Agnew, G. S. Buller, R. W. Boyd, and M. J.
Padgett, “Imaging high-dimensional spatial entanglement with a camera,” Nat. Commun. 3(1), 984 (2012).



5
LIGHT-MATTER INTERACTION

For good ideas and true innovation,
you need human interaction,

conflict, argument, debate.

Margaret Heffernan

This chapter is an introduction to the formalism of light-matter interaction. The descrip-
tion is focused on a single two-level atom coupled to a single mode of electromagnetic field.
A fully quantum picture, including quantized atom and quantized field, is presented here
with a comment on the semiclassical approach. The light-matter interaction considera-
tions are further expanded to an ensemble of atoms coupled to a single-mode field. Finally,
concepts of Dicke superradiance and single-photon superradiance are introduced.
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Light-matter interaction refers to the interaction of the electromagnetic field with mat-
ter. The simplest system that one can imagine would be the electromagnetic field in
a single mode interacting with a two-level atom – a matter representative. Although in
reality matter in most cases cannot be treated as a two-level system directly, often a two-
level system approximation happens to be sufficient to describe its interaction with light
and the induced dynamics. Of course, this kind of approach cannot be applied to all
of the potential problems of interest. For more complex matter constituents or more
elaborate electromagnetic field structures, the model can be extended including multi-
level systems and multimode light fields. This, however, complicates the problem sig-
nificantly making it computationally challenging. Nevertheless, for the purpose of this
thesis and the problems addressed here, the discussion of a two-level system interact-
ing with a single-mode electromagnetic field is sufficient. The light-matter interaction
on a single-photon level is of main interest throughout this thesis. Therefore, it will be
presented first and it will be followed with a comment about the semiclassical descrip-
tion. The theoretical background of light-matter interaction presented in this chapter
is based mainly on two textbooks [6, 2]. The reader is referred to those textbooks for
a more detailed description of the presented concepts. The general discussion about
light-matter interaction is succeeded by the explanation of the superradiance phenom-
ena in which atoms interact with the radiating field collectively. Two types of superra-
diance are enumerated. The first one is the ordinary Dicke superradiance, where all the
interacting electric dipole moments are treated as a single, collective dipole moment.
The second one is the single-photon superradiance where the collective atoms’ behav-
ior is due to the created entanglement among the atoms rather than to the collective
dipole moment. The theoretical background of the Dicke superradiance presented in
this chapter is based mainly on two articles [1, 3], whereas the single-photon superra-
diance description is based on Refs. [7, 4, 5]. The reader is referred to those articles for
a more detailed description of the presented concepts.

5.1. ATOM-FIELD INTERACTION

5.1.1. QUANTUM DESCRIPTION
The interaction of a radiation field with a two-level atom is governed by the Hamiltonian

Ĥ = ĤA + ĤF + ĤI , (5.1)

where ĤA , ĤF are the atom and field energies, respectively, and ĤI is the interaction en-
ergy. The electric field is quantized and the free field Hamiltonian is given by the creation
and annihilation operators

ĤF =∑
k
ħωk (â†

k âk +
1

2
), (5.2)

where ωk stands for the field frequency in the k-th mode. When limiting our discussion
to a single mode of the electric field this formula simplifies to the formula already derived
in Chap. 2 and presented in Eq. 2.14

ĤF =ħω f (â†â + 1

2
). (5.3)
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In general, a two-level system is defined by two quantum states in a quantum super-
position of which it can exist. These two states form an orthonormal basis that spans
the two-dimensional Hilbert space of all possible pure states of the two-level system.
In particular, those states could be the

∣∣up
〉

and |down〉 states of a spin-1/2 particle or
the two energy eigenstates of an atom,

∣∣g〉
- ground state and |e〉 - excited state (see Fig.

5.1). Therefore, the considerations about the state of a spin-1/2 particle and the state of
a two-level atom are mathematically equivalent.

Figure 5.1: A schematic of a two-level atom energy structure. It consists of two energy levels:
∣∣g〉

and |e〉 with
the corresponding energy values: Eg and Ee .

The state of a two-level system can be also described in the density matrix formalism. In
general, the density matrix is defined as a convex combination (

∑
i pi = 1) of the outer

product of pure states,
∣∣ψi

〉
, with themself

ρ̂ =∑
i

pi
∣∣ψi

〉〈
ψi

∣∣ . (5.4)

The density matrix describing the state of a two-level system lives in a real, 4-
dimensional vector space of 2x2 Hermitian matrices

ρ̂ =
[
ρee ρeg

ρg e ρg g

]
. (5.5)

An arbitrary state of a two-level atom can be described by a linear combination of the
three Pauli matrices

σ̂x = ∣∣e〉〈
g
∣∣+ ∣∣g〉〈

e
∣∣= σ̂−+ σ̂+, (5.6)

σ̂y = i
(∣∣e〉〈

g
∣∣− ∣∣g〉〈

e
∣∣)= i

(
σ̂−− σ̂+)

, (5.7)

σ̂z = |e〉〈e|− ∣∣g〉〈
g
∣∣ , (5.8)

and identity
12 = |e〉〈e|+ ∣∣g〉〈

g
∣∣ (5.9)

as

ρ̂ = 1

2
(12 + rx σ̂

x + ry σ̂
y + rz σ̂

z ), (5.10)

where σ̂+ = ∣∣e〉〈
g
∣∣, σ̂− = (

σ̂+)† = ∣∣g〉〈
e
∣∣ are the raising and lowering operators, respec-

tively. The Pauli matrices are also called the spin operators satisfying the spin alge-
bra, [σ̂x , σ̂y ] = iħσ̂z . Such a choice of basis leads to the Bloch sphere representation



5

66 5. LIGHT-MATTER INTERACTION

of a two-level system state. The rx ,ry ,rz coefficients are identified with coordinates of
a 3-dimensional vector, r = [rx ,ry ,rz ]. This is the so-called Bloch vector often used to
represent the state of a two-level system (see Fig. 5.2).

Figure 5.2: Bloch sphere representation of a state of a two-level system. See text for details.

The eigenvalue equation for a two-level atom reads

ĤA |i 〉 = Ei |i 〉 , i = g ,e. (5.11)

Multiplying this equation by
∑

i 〈i | one obtains the formula for the Hamiltonian of a two-
level atom

ĤA = Eg
∣∣g〉〈

g
∣∣+Ee |e〉〈e| , (5.12)

where Eg , Ee are the ground and excited states energy eigenvalues. When isolating from

the Hamiltonian the term
Ee+Eg

2 · 12 and rescaling the energy the Hamiltonian can be
reformulated and expressed by

ĤA = 1

2
ħωeg σ̂z , (5.13)

where ωeg = 1
ħ (Ee −Eg ). The interaction Hamiltonian in the dipole approximation, as-

suming that the electric field is constant around the atom, reads

ĤI =−d̂ · Ê. (5.14)

Here, d̂ is the dipole moment expressed by

d̂ = e r̂ = e1r1=∑
i , j

e |i 〉〈i |r ∣∣ j
〉〈

j
∣∣=∑

i , j
e 〈i |r ∣∣ j

〉∣∣i〉〈 j
∣∣=∑

i , j
di j σ̂

i j (5.15)

where di j = e 〈i |r ∣∣ j
〉

is the i , j -th element of the electric-dipole transition matrix, non-
zero only for i ̸= j , and σ̂i j = ∣∣i〉〈 j

∣∣ are the atom transition operators. The single-mode
electric field is given by

Ê = E0e
(
â + â†

)
, (5.16)
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where E0 =
( ħω f

2ϵ0V

)1/2
, ϵ0 is the vacuum permittivity, and V is the effective cavity volume.

Substituting Eqs. 5.15 and 5.16 into Eq. 5.14 one obtains

ĤI =−E0e r̂ ·e
(
â + â†

)
=ħ∑

i , j
gi j σ̂

i j
(
â + â†

)
, (5.17)

where gi j = −E0
ħ e 〈i | r̂ ·e

∣∣ j
〉

. Assuming gi j to be a real and symmetric matrix for a two-
level system this means gi j = g j i = g . Therefore, one obtains the interaction Hamilto-
nian of the form

ĤI =ħg
(
σ̂++ σ̂−)(

â + â†
)

. (5.18)

After parentheses multiplication, it can be easily seen that the obtained interaction
Hamiltonian consists of four terms of the forms: σ̂+â, σ̂−â†, σ̂+â†, and σ̂−â. The first
two terms correspond to energy-conserving processes, where σ̂+â is responsible for the
atom being taken from the ground to the excited state while a photon is annihilated
and σ̂−â† is responsible for the atom being taken from the excited to the ground
state while a photon is created. These two terms are related to the absorption and
emission processes, respectively. However, the last two terms are related to energy
non-conserving processes and hence are dropped. This procedure corresponds to the
so-called rotating-wave approximation (RWA). Therefore, the simplified interaction
Hamiltonian reads

ĤI =ħg
(
σ̂+â + σ̂−â†

)
. (5.19)

Gathering together the Hamiltonians related to the free electromagnetic field, the iso-
lated two-level atom, and to the interaction leads to the final form of the total Hamilto-
nian

ĤJC =ħω f â†â +ħωeg
σ̂z

2
+ħg (σ̂+â + σ̂−â†) (5.20)

that is used to describe the interaction of a two-level system with a single-mode elec-
tromagnetic field within the Jaynes-Cummings model. The zero-point energy of the free
field was omitted here as it does not influence the dynamics.

The evolution in time of a closed system in a quantum state described by a density
matrix ρ̂ is given by the von Neumann equation

d ρ̂

d t
=− i

ħ
[
Ĥ , ρ̂

]
. (5.21)

However, considering closed quantum systems that are perfectly isolated from the en-
vironment does not correspond to real physical problems. The dynamics of an open
quantum system are described by the Gorini–Kossakowski–Sudarshan–Lindblad (GKSL)
equation which in the general form reads

d ρ̂

d t
=− i

ħ
[
Ĥ , ρ̂

]+∑
α
γα(L̂αρ̂L̂†

α−
1

2

{
L̂†
αL̂α, ρ̂

}
). (5.22)
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Here, the first component and the related Hamiltonian, Ĥ , describe the unitary evolu-
tion of the quantum system whereas the second component corresponds to the dissi-
pative effects affecting the quantum system. These dissipative effects are characterized
by the L̂α jump operators, where α indexes subsequent dissipative effects. For exam-
ple, when considering a two-level atom interacting with a single-mode electromagnetic
field one should also take into account coupling of the two-level atom to the vacuum
fluctuations – a part of the environment. This kind of interaction can be included in
the GKSL equation by choosing the jump operator to be L̂ = σ̂−. The GKSL equation,
which governs the temporal evolution of a quantum system involving a two-level atom
and a single-mode electromagnetic field interacting with each other in the presence of
spontaneous emission, is expressed as follows

d ρ̂

d t
=− i

ħ
[
ĤJC , ρ̂

]+ γ

2

(
2σ̂−ρ̂σ̂+− σ̂+σ̂−ρ̂− ρ̂σ̂+σ̂−)

, (5.23)

where γ stands for the spontaneous emission decay rate and ρ̂ stands for the density
matrix describing the quantum state of the joint atom-field system living in a space con-
structed by taking the tensor product of the two spaces related to the atom itself and the
field, H A ⊗HF .

In the simplest case, which involves a two-level atom interacting with a single pho-
ton, the quantum state of the combined atom-field system resides in a four-dimensional
Hilbert space. The corresponding density matrix is a 4x4 Hermitian matrix, ρ̂, with
trA(ρ̂) = ρ̂F and trF (ρ̂) = ρ̂A . Technically, the time evolution of the ground state of the
investigated two-level system can be calculated by

ρAg g (t ) = 〈
σ̂−

A ⊗ 1F σ̂
+
A ⊗ 1F

〉
ρ̂(t ) (5.24)

and the time evolution of the excited state by

ρAee (t ) = 〈
σ̂+

A ⊗ 1F σ̂
−
A ⊗ 1F

〉
ρ̂(t ) . (5.25)

The time evolution of the field can be obtained by

〈n̂〉ρ̂(t ) =
〈
1A ⊗ â†1A ⊗ â

〉
ρ̂(t )

, (5.26)

which technically corresponds to

〈n̂〉ρ̂(t ) =
〈
1A ⊗ σ̂+

F 1A ⊗ σ̂−
F

〉
ρ̂(t ) . (5.27)

5.1.2. SEMICLASSICAL DESCRIPTION
The full quantum description as presented above, however, gets relatively complex when
considering higher number level systems or more photons as the atom-field joint Hilbert
space grows significantly. Nevertheless, in many cases, it is enough to consider the prob-
lem assuming the field to be classical, E(t ) = E0 cos

(
ω f t

)
, where E0 = E0 · e. Then, the

Hamiltonian describing the interaction of a two-level atom with a single-mode electro-
magnetic field simplifies and reads
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Ĥ =ħ(
ωeg −ω f

) σ̂z

2
+ħg (σ̂++ σ̂−), (5.28)

where g = g j i = gi j =−E0
ħ e 〈i | r̂ ·e

∣∣ j
〉

and E0 is the electric field amplitude. This Hamil-
tonian can be presented in the form given above when moving to a picture making it
time-independent and under the RWA.

In this approach, when the field is treated classically and the atom is treated quan-
tumly, the emitted by the atom fluorescence light intensity time dependence is identified
with the time dependence of the excited state population

I (t ) = γρee (t ) = γ〈
σ̂+σ̂−〉

ρ̂(t ) , (5.29)

where the evolution in time is governed still by the GKSL equation (Eq. 5.23) with the
semiclassical Hamiltonian given in Eq. 5.28.

5.2. SUPERRADIANCE
A step further in the context of light-matter interaction is to consider an ensemble of
two-level atoms interacting with a common electromagnetic field. In the fully quan-
tum approach, the Hamiltonian describing the interaction of N two-level atoms with
a single-mode electromagnetic field in the dipole approximation can be obtained as

Ĥ =ω f â†â +ωa
∑

i

σ̂z
i

2
+ (â + â†)

∑
i

gi σ̂
x
i , (5.30)

where i indexes subsequent atoms interacting with the common electromagnetic field
and the RWA was not applied. Knowing the Hamiltonian describing the interaction one
can use the GKSL equation with appropriately constructed jump operators to investigate
the time evolution of the density matrix describing the system

d ρ̂

d t
=− i

ħ
[
Ĥ , ρ̂

]+∑
i j

γi j

2
(2σ̂−

i ρ̂σ̂
+
j − σ̂+

i σ̂
−
j ρ̂− ρ̂σ̂+

i σ̂
−
j ), (5.31)

where i , j index different atoms, γi ,i stands for the independent spontaneous emission
decay rate of the i -th atom, and γi , j corresponds to the collective spontaneous emission
decay rate of the i -th and j -th atoms.

5.2.1. DICKE SUPERRADIANCE
Assuming that the interacting atoms are identical and indistinguishable enables intro-
ducing several simplifications to the above-presented scheme. First of all, the indistin-
guishability condition requires the interacting atoms to have equally oriented electric
dipole moments (see Fig. 5.3 (b) ). This guarantees that none of the atoms could be
distinguished due to the coupling with the field, gi , which includes the inner product
between the atom’s dipole moment and the electric field polarization. This means that
for identical and indistinguishable atoms the coupling constant is the same, gi = g . Sec-
ondly, the indistinguishability condition enforces the interacting atoms to be located in
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(a) (b) (c)

Figure 5.3: A schematic of the Dicke superradiance indistinguishability condition. An ensemble of atomic
dipole moments (arrows) is illuminated by a beam of light (green). (a) The atomic dipole moments are ran-
domly oriented and hence are not indistinguishable. (b) The atomic dipole moments are equally oriented and
hence, provided that additionally they satisfy the condition given in Eq. 5.32, can be treated as a single macro-
scopic dipole moment as given in (c).

a very small volume so that they cannot be spatially distinguished. This condition re-
quires the distance between the atoms, r , to be much smaller than the wavelength of the
radiation field, λ,

r ≪λ. (5.32)

While the interacting atoms are prepared to be identical and indistinguishable, it en-
ables one to treat the ensemble of the electric dipole moments associated with each of
the atoms as a one collective dipole moment (see Fig. 5.3 (c) ). Mathematically this cor-
responds to the introduction of the collective Dicke operators

Ŝ± =∑
i
σ̂±

i , Ŝx,y,z =∑
i
σ̂

x,y,z
i , (5.33)

which satisfy the spin algebra
[
Ŝx , Ŝ y

] = iħŜz . This notation allows considering the
atomic ensemble as a single spin-S (S < N /2) particle instead of N spin-1/2 particles.
It refers to the reduction of the dimensions of the corresponding Hilbert spaces from
2N , for N spin-1/2 particles, to 2S + 1 (S < N /2), for a single spin-S particle, which in
consequence simplifies the model significantly. Therefore, a general state of an ensem-
ble of indistinguishable atomic dipoles can be described by an |S, M〉 state, where M
corresponds to the spin projection. Substituting the collective Dicke operators to the
Hamiltonian given in Eq. 5.30 one obtains

ĤD =ω f â†â + ωa

2
Ŝz + g (â + â†)Ŝx . (5.34)

When additionally assuming that the independent and collective spontaneous emission
decay rates are equal to each other and the same for all of the atoms, γi j = γ for all i , j ,
then the GKSL equation simplifies to

d ρ̂

d t
=− i

ħ
[
Ĥ , ρ̂

]+ γ

2
(2Ŝ−ρ̂Ŝ+− Ŝ+Ŝ−ρ̂− ρ̂Ŝ+Ŝ−). (5.35)
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Eqs. 5.34 and 5.35 embody the open Dicke model used to describe the superradiance
phenomena in an ensemble of two-level atoms interacting with a common, single-mode
electromagnetic field. The emitted by the ensemble fluorescence light intensity can be
calculated analogically to Eq. 5.29

I (t ) = γ〈
Ŝ+Ŝ−〉

ρ̂(t ) = γ
∑
i j

〈
σ̂+

i σ̂
−
j ,

〉
ρ̂(t )

. (5.36)

Due to the coherent interaction of the atomic dipoles with a single mode of the radiation
field, the atomic dipoles do not radiate independently but rather collectively. This can be
seen by breaking the sum under Eq. 5.36 into two parts, where the first part stands for the
independent atoms emissions, and the second part includes the correlations between
the atoms and the collective emissions,

I (t ) = γ
〈∑

i j
i= j

σ̂+
i σ̂

−
j ,

〉
ρ̂(t )

+γ
〈∑

i j
i ̸= j

σ̂+
i σ̂

−
j ,

〉
ρ̂(t )

. (5.37)

The intensity of the ordinary fluorescence, where the atomic dipoles are independent
and no collective effects between them are observed, scales linearly with the number
N of radiators, and the fluorescence decay rate does not depend on N . Also, there is no
privileged direction of fluorescence and the light is emitted isotropically. However, in the
superradiant case, where the atomic dipoles radiate collectively, the fluorescence light
is emitted in a well-defined direction while its intensity becomes proportional to N 2.
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S
>
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/I 0
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collective, 0 = |N/2, 0><N/2, 0|
independent, 0 = |e, e, ..., e><e, e, ..., e|
collective, 0 = |N/2, N/2><N/2, N/2|

Figure 5.4: Dicke superradiance. Emitted light intensity as a function of time,
〈

Ŝ+Ŝ−〉
ρ̂(t ) /I0, for N = 10

emitters, where I0 stands for the intensity of a single atom and γ for the decay rate. Two different initial states
of the ensemble of emitters are apposed: the superradiant state, |N /2,0〉, and the excited state, |N /2, N /2〉 =
|e,e, · · · ,e〉. Also, both the independent and collective emitters scenarios are considered.
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Moreover, the radiation rate becomes linearly dependent on the number of emitters N .
However, the exact course of the time characteristics of the radiation intensity depends
also on the initial state of the ensemble of the interacting atoms. Fig. 5.4 presents the
comparison of the emitted light intensity,

〈
Ŝ+Ŝ−〉

ρ̂(t ) /I0, time dependencies for N = 10
emitters in the independent and collective emitters scenarios, where I0 stands for the
intensity of a single atom and γ is the decay rate. The comparison includes also differ-
ent initial ensemble states, where the superradiant state, |N /2,0〉, and the excited state,
|N /2, N /2〉 = |e,e, · · · ,e〉, are apposed. The orange curve presents the emitted light inten-
sity profile of an ensemble of 10 independent atoms initially all prepared in the excited
state. It serves as a reference. In contrast, the green curve presents the emitted light
intensity profile of an ensemble of 10 coherently emitting atoms also initially prepared
all in an excited state. As all of the atoms are initially excited the starting point of the
green and orange coincide, corresponding to the same number of excited atoms in both
ensembles (term 1 in Eq. 5.37). However, while the collective ensemble starts to emit,
although the number of excited atoms decreases, a correlation between the atoms arises
(term 2 in Eq. 5.37). The correlation achieves the maximal value for the superradiant
state and after that starts to drop. The blue curve completes the picture by presenting
the emitted light intensity profile of an ensemble of 10 coherently emitting atoms ini-
tially prepared already in the superradiant state. This is a state in which the number of
excited atoms equals N /2 and the correlations achieve the maximal value. Therefore,
a fast decay is observed.

5.2.2. SINGLE-PHOTON SUPERRADIANCE
However, in real experimental setups, although possible, it is relatively difficult to pre-
pare an ensemble of absorbers fulfilling the condition given in Eq. 5.32. This means that
the distance between the atomic dipoles, r , is comparable to or larger than the wave-
length of the radiation field. In consequence, the dipole approximation, assuming that
the interacting field does not change spatially in the region of the interaction, cannot
be applied there. Now, let us consider an ensemble of equally oriented two-level atoms
interacting with a single photon where the distance between the atoms is comparable
to or equal to the wavelength of the radiation field. The interaction Hamiltonian of the
considered system in the interaction picture is given by

V (t ) =∑
j
ħg0σ̂

+
j âk0 e i k0·r j e i (ω f −ωa )t +adj., (5.38)

where k0 stands for the interacting single photon wavevector. Then the system’s unitary
evolution reads

UV (τ) =T exp

(
− i

ħ
∫ τ

0
d t ′V (t ′)

)
, (5.39)

where T stands for the time ordering operator. Assuming weak coupling enables Taylor
expansion of the above-given formula up to the first order

UV (τ) ≃ 1− i g0τ

(∑
j
σ̂+

j âk0 e i k0·r j +adj.

)
. (5.40)
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Physically this assumption provides equal probability of single-photon excitation for
each of the interacting atoms. Now, let us assume that initially all of the atoms are in
the ground state. This leads to the initial state of the system

∣∣g1, g2, · · ·gN
〉⊗∣∣1k0

〉
. There-

fore, evolving the system according to Eq. 5.40 results in

UV (τ)
∣∣g1, g2, · · ·gN

〉⊗ ∣∣1k0

〉
≃ ∣∣g1, g2, · · ·gN

〉⊗ ∣∣1k0

〉− i g0τ
∑

j
e i k0·r j

∣∣g1, g2, . . . ,e j , . . . gN
〉 |0〉 . (5.41)

The first term in the obtained result corresponds to the lack of absorption event in the
ensemble of atoms whereas the second term corresponds to a shared by the atoms ex-
citation of a single photon. This single-photon excitation can be experimentally de-
tected by considering an experimental setup given in Fig. 5.5. A single-photon detec-
tor is placed at the opposite side of the ensemble of interacting atoms than the single-
photon source. If the emitted single photon is not absorbed by the ensemble a click
on the single-photon detector is registered. Alternatively, when the emitted single pho-
ton is absorbed by the ensemble, then no photon should be registered on the single-
photon detector. Therefore, a normalized conditional state describing the system shar-
ing a single-photon excitation reads

∣∣Ψ(N |1k0 )
〉= 1p

N

∑
j

e i k0·r j
∣∣g1, g2, . . . ,e j , . . . gN

〉 |0〉 , (5.42)

which is an entangled state. As a next step, the emission of this way-prepared ensemble
of atoms can be considered. In general, the light can be emitted in an arbitrary direction,
k, and hence the interaction Hamiltonian takes the form

(a) (b)

Figure 5.5: A schematic of the single-photon superradiance. (a) Uniform excitation of an ensemble of equally-
oriented atoms by a single-photon of wavevector k0 (green). The atoms are separated by distance r which is
comparable or larger than the wavelength of the radiating field, λ. After excitation, the ensemble is in an
entangled state sharing the excitation among all of the atoms with equal probability but different phases. (b)
The single-photon excited atomic ensemble emits a photon whose direction overlaps with the direction of
the single photon that had previously excited the ensemble. The emitted photon can be further detected by
a detector (D).
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W (t ) =∑
j

∑
k
ħgkσ̂

−
j â†

ke−i k·r j e i (ω f ,k−ωa )t +adj. (5.43)

Analogously to the previous calculations, the corresponding unitary transformation
reads

UW (t ) =T exp

(
− i

ħ
∫ t

0
d t ′W (t ′)

)
. (5.44)

It can be shown that the probability of bringing the atomic ensemble back to the ground
state reads 〈

g1, . . . , gN
∣∣UW

∣∣Ψ(N |1k0 )
〉=∑

k
αk |1k〉δ3(k0 −k). (5.45)

This means that the emitted single photon will be directed in exactly the same direc-
tion as the direction of the photon that had excited the ensemble. Additionally, it can
be shown that the emission dynamics will be faster exhibiting proportionality to Nγ,
where γ stands for the independent atoms’ emission rate. This kind of atomic ensemble
behavior subject to single photons is called single-photon superradiance.



BIBLIOGRAPHY

[1] R. H. Dicke. “Coherence in spontaneous radiation processes”. In: Phys. Rev. 93.1
(1954), pp. 99–110. ISSN: 0031899X. DOI: 10.1103/PhysRev.93.99.

[2] Christopher Gerry and Peter Knight. Introductory Quantum Optics. Cambridge
University Press, 2004. DOI: 10.1017/CBO9780511791239.

[3] M. Gross and S. Haroche. “Superradiance: An essay on the theory of collective
spontaneous emission”. In: Phys. Rep. 93.5 (1982), pp. 301–396. ISSN: 03701573.
DOI: 10.1016/0370-1573(82)90102-8.

[4] M O Scully. “Correlated Spontaneous Emission on the Volga”. In: 17.5 (2007),
pp. 635–646. DOI: 10.1134/S1054660X07050064.

[5] Marlan O. Scully and Anatoly A. Svidzinsky. “The Super of Superradiance”. In:
Science (80-. ). 325.September (2009), pp. 1510–1512. DOI: 10.1126/science.
1176695.

[6] Marlan O. Scully and M. Suhail Zubairy. Quantum Optics. Cambridge Uni-
versity Press, 1997. ISBN: 0521434580. URL: cambridge . org / pl / academic /
subjects/physics/optics-optoelectronics-and-photonics/quantum-
optics?format=PB&isbn=9780521435956#oKXeBUwg0fVvAy42.97 (visited on
11/23/2023).

[7] Marlan O. Scully et al. “Directed spontaneous emission from an extended ensem-
ble of N atoms: Timing is everything”. In: Phys. Rev. Lett. 96.1 (2006), pp. 1–4. ISSN:
10797114. DOI: 10.1103/PhysRevLett.96.010501.

75

https://doi.org/10.1103/PhysRev.93.99
https://doi.org/10.1017/CBO9780511791239
https://doi.org/10.1016/0370-1573(82)90102-8
https://doi.org/10.1134/S1054660X07050064
https://doi.org/10.1126/science.1176695
https://doi.org/10.1126/science.1176695
cambridge.org/pl/academic/subjects/physics/optics-optoelectronics-and-photonics/quantum-optics?format=PB&isbn=9780521435956#oKXeBUwg0fVvAy42.97
cambridge.org/pl/academic/subjects/physics/optics-optoelectronics-and-photonics/quantum-optics?format=PB&isbn=9780521435956#oKXeBUwg0fVvAy42.97
cambridge.org/pl/academic/subjects/physics/optics-optoelectronics-and-photonics/quantum-optics?format=PB&isbn=9780521435956#oKXeBUwg0fVvAy42.97
https://doi.org/10.1103/PhysRevLett.96.010501




6
INTERACTION OF A HERALDED

SINGLE PHOTON WITH

NITROGEN-VACANCY CENTERS IN

DIAMOND

There are no shortcuts in evolution.
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This chapter consists of Article A1. comprising the thesis together with a short Article de-
scription, the motivation behind it in the context of the thesis, and the author’s contribu-
tion statement.
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6. INTERACTION OF A HERALDED SINGLE PHOTON WITH NITROGEN-VACANCY CENTERS IN

DIAMOND

6.1. INTRODUCTION
In Article A1. a simple, room-temperature interface for photon-matter interaction is im-
plemented, free from the need for cavities or vacuum systems. In the experiment, the in-
teraction of a heralded single photon with an ensemble of NV centers is demonstrated.
The heralded single photons are generated in the process of Spontaneous parametric
down-conversion (SPDC). The spectral width of the SPDC single photons is relatively
broad when compared with atomic systems absorption profiles which results in low ab-
sorption efficiency. Here, the broad absorption spectrum of the NV centers, related to the
phonon sidebands, effectively addresses the issue of the spectral mismatch between the
narrow absorption bandwidth, found in typical atomic mediums, and the broad spec-
trum of SPDC-originating single photons. As a result, a single-photon-induced fluores-
cence decay of the ensemble of NV centers is observed. The dynamics of the ensem-
ble of NV centers are modeled using a proposed analytical model assuming a fast non-
radiative decay and a subsequent radiative one. The obtained decay times are compared
to the decay times in the case of pumping with a coherent light source. A discussion on
the possible setup improvements in the context of addressing a low NV concentration
sample with a given number of emitters in the illumination spot is provided.

In the context of this thesis, the aim of this work was to build an experimental setup
enabling addressing NV centers and to observe the light-matter interaction on the single
photon level. Additionally, the purpose of this study was to determine the experimental
improvements that should be applied in consecutive work in order to switch to lower
NV concentration samples enabling addressing a given number of emitters with single
photons.

6.2. AUTHOR CONTRIBUTION STATEMENT
In Article A1. I was responsible for building the microscope. Connecting it with the
source of single photons and collecting the measurements were done jointly by me,
Marta Misiaszek, and Joscelyn van der Veen (listed in order from most involved to least
involved). Subsequent work, which consisted of analyzing and discussing the obtained
data, was done by me. The Article writing part was done by me, Marta Misiaszek, Piotr
Kolenderski, and Joscelyn van der Veen (listed in order from most involved to least in-
volved). The contribution statements of the coauthors are included on the last pages of
this thesis.

6.3. ARTICLE A1
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Interaction of a heralded single photon with
nitrogen-vacancy centers in a diamond
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Abstract: A simple, room-temperature, cavity- and vacuum-free interface for a photon-matter
interaction is implemented. In the experiment, a heralded single photon generated by the process
of spontaneous parametric down-conversion is absorbed by an ensemble of nitrogen-vacancy
color centers. The broad absorption spectrum associated with the phonon sideband solves the
mismatch problem of a narrow absorption bandwidth in a typical atomic medium and broadband
spectrum of quantum light. The heralded single photon source is tunable in the spectral range
452− 575 nm, which overlaps well with the absorption spectrum of nitrogen-vacancy centers.

© 2021 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Efficient control of light-matter interaction at a single-particle level is a key factor enabling several
quantum applications. One of the main goals in quantum technology is to deliver a quantum
network platform for secure quantum communication. Atom or trapped ion implementations
of quantum memories and quantum repeaters together with photonic information carriers are
one of the proposed scenarios [1–3]. Moreover, quantum imaging and sensing benefit from
single-photons interaction with matter. In particular, this is apparent when discussing quantum
illumination, sub-shot-noise imaging, ghost imaging, and absolute detector calibration [4].
Further, absorption microscopy exhibts higher signal to noise ratio when quantum light is applied
[5]. Entangled two-photon absorption is another microscopy technique which has a great potential
to outperform its classical counterpart in terms of applicability [6]. It may also serve as a tool
for virtual-state spectroscopy [7–9]. However, all the above-mentioned applications require an
efficient single-photon and single atomic system interaction, which still remains a challenge. The
narrow atom absorption spectrum together with spectrally broad single-photon sources demand
cavities to enhance the interaction efficiency [10–12].

Here, for the first time, a different solution is proposed and the mismatch problem is solved
by using a spectrally broad absorber, such as a color center in diamond, where a nonresonant
excitation is possible due to phononic sidebands [13]. This eliminates the need for excitation
with a narrow bandwidth light. A plethora of such systems, like SiV, GeV, SiC or dyes used in
biological imaging, is already known and investigated [14–16]. A simple, room-temperature,
cavity- and vacuum-free interface for photon-matter interaction is reported. The heralded
single-photon source (HSPS) is based on the spontaneous parametric down conversion (SPDC)
process, where the detection of an infrared photon is used as a herald for the visible one. In the
experiment, a heralded single photon is absorbed by a single atom-like system, specifically a
nitrogen vacancy center (NV) in diamond. The NV center then emits another photon, whose

#409882 https://doi.org/10.1364/OE.409882
Journal © 2021 Received 10 Sep 2020; revised 18 Nov 2020; accepted 15 Dec 2020; published 4 Jan 2021
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arrival time is measured by means of a time-resolved single-photon detection technique. As
opposed to Ref. [17] we do not use a stimulated absorption-emission process and our method is
single atom oriented.

2. Experimental setup

The experimental setup is depicted in Fig. 1(a). A red laser photon beam incident on the
BiBO crystal is frequency doubled. Then a blue pump photon is converted through the SPDC
process into a pair of photons – one in visible and one in infrared spectral range. When the
superconducting single photon detector (SSPD) measures the latter, the existence of the former
is heralded and the time reference is defined. Subsequently, the heralded visible photon is
delivered to the custom-made confocal microscope (CM), where it is reflected off a dichroic
mirror (DM) and focused with a microscope objective (MO) onto an ensemble of color centres.
The sample used in the experiment is a high-pressure high-temperature (HPHT) diamond with a
dense concentration of negatively charged nitrogen-vacancy (NV−) centres, approximately 18
ppm. Full sample characterization and preparation description, including spectrum and ODMR
measurement, is given in Refs. [18,19]. Next, the photon excites a color centre, which results in
a fluorescence photon emission in the range of 600 − 800 nm [20], see Fig. 1(d). The resulting
photon is collected by the same MO and propagates through the DM and a longpass filter. This
allows observation of fluorescence only in the spectral range above 700 nm, which corresponds
to the emission of the negatively charged NV centers mainly [20]. Finally, its arrival time is
measured by a single-photon avalanche diode (SPAD) supported by a digital oscilloscope. The
statistics of arrival times collected by the measurement system are used to build a histogram
exhibiting the characteristic fluorescence decay shape.

Fig. 1. Interaction between photons and NV centers. (a) The experimental setup. (b)
Magnification of the diamond surface: One of the NV centers from the illuminated ensemble
absorbs a heralded green photon and then emits a fluorescence photon. (c) Simplified energy
level structure of an NV centre: a green photon excites an electron from the 3A2 (ground)
state to a 3E (excited) state. The electron then decays non-radiatively to a lower energy
excited state, transferring some of its energy to the diamond lattice. Finally, the electron
decays radiatively back to the 3A2 (ground) state via the emission of a lower energy red
photon. (d) Blue: NV− fluorescence spectrum with zero phonon line (ZPL) at 637 nm and
vibronic sideband up to 800 nm. Red: the transmission range of the spectral filtering setup
(DM3 and F3).
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The HSPS used in the experiment is tunable in the range of 452-575 nm [21]. The FWHM of
the HSPS in the visible spectrum is around 4 nm, which corresponds to 3.2 THz at 575 nm and
5.9 THz at 450 nm. The scenario with a 532 nm single-photon was chosen but other pumping
scenarions were tested as well giving similiar results. Two pumping power settings, 1 and 5 mW,
were used for the source, which are referred to as lower and higher, respectively. The high quality
of heralded single photon state was verified by measuring the correlation function g(2)(0) [22,23],
describing the goodness of the single-photon source. In the perfect case it is 0 for a single photon
Fock state and 1 for attenuated laser described by a coherent state. Here, for lower power pump it
took the value of g(2)l (0) = 0.0011(2), whereas for higher pump power g(2)h (0) = 0.0111(5). The
corresponding heralded photon count rates were 4.5 kcps (lower power) and 40 kcps (higher
power). The HSPS characterization was done for 532 nm.

3. Fluorescence decay measurement

In Fig. 2 the obtained NV fluorescence decay pumped with heralded single photons is shown for
the two pumping power settings. The probability of the fluorescence emission in time, p(t), can
be described by a simple exponential model including a non-radiative decay path. The model
assumes a fast non-radiative decay followed by a radiative decay, with characteristic times τN and
τR, respectively. The explicit formula can be obtained by taking a convolution of the two single
exponential decays

p(t) = θ(t) · 1
τN − τR

(︂
e−

t
τN − e−

t
τR

)︂
, (1)

where θ(t) is the step-function (equal to 0 for t<0 and to 1 for t ≥ 0). The SPDC source is pumped
with a laser emitting pulses of 140 fs time duration every t0 = 12.5 ns. Therefore, a photon pair
can be generated every multiple of the repetition period t0. Note, that due to the probabilistic
nature of the SPDC process not every pulse generates a pair. On top of that due to the losses in
the experimental setup not all of the observed coincidences registered in the detection system
originate from the same pump pulse. Sometimes the pulse that produces the visible photon
exciting the NV center and causing the fluorescence is different than the pulse from which the
detected heralding photon is created. Such coincidences are referred to as accidental, while the
coincidences caused by a single pump pulse are called proper. The ratio of accidental to proper
coincidences, r, can be also used as a parameter of the fluorescence model given by the formula
below

P(t) = a

(︄
p(t) + r

∞∑︂
n=1

[p(t + nt0) + p(t − nt0)]
)︄
+ b, (2)

where a stands for the coefficient scaling the normalized probability given in 1 to the actually
detected counts and b reflects the background originating from the dark counts. The details of
the derivation of 1 and 2 can be found in Supplement 1.

The radiative, τR, and non-radiative, τN , decay times along with the ratio r can be estimated by
fitting the model to the experimental data. Their values for higher (lower) pumping setting were
determined to be 7.68(23) ns and 107(14) ps (7.17(14) ns and 112(13) ps), respectively. The
obtained radiative decay times are shorter with respect to what is reported in the literature [24].
Two possible explanations for this discrepancy are proposed. Firstly, the sample is illuminated
with single photons resulting in the NV center not being spin-polarized, as opposed to the case of
the excitation with a high power laser [24,25]. Secondly, the experiment is performed on a very
dense sample, where the shorter decay time can be attributed to the Förster resonance energy
transfer (FRET). It makes the fluorescence emission faster when the emitters are close to each
other [26]. Next, the fitted ratio, r, takes the value of 0.233(9) (0.0225(81)) in the higher (lower)
pumping power setting. The difference reflects the fact that for the higher pump power setting of



Research Article Vol. 29, No. 2 / 18 January 2021 / Optics Express 567

Fig. 2. NV− fluorescence decay measurement pumped with single photons. Single photons
with wavelength of 532 nm are generated in the SPDC process in (a) higher and (b) lower
pumping power setting. Red dots show experimental data and red curve represents fitted
model. Black curve shows a histogram of visible and infrared (IR) photon coincidences
measured from HSPS source. Large and small peaks correspond to proper and accidental
coincidences, respectively. The accidental coincidences almost disappear in the lower power
setting. More detailed information can be found in Supplement 1.

the HSPS the ratio of accidental to proper coincidences is higher. It can be clearly seen when
comparing black histograms in Fig. 2.

As a reference measurement, an experiment was performed with the heralded single photons
replaced with an highly attenuated, pulsed laser. The histogram of the measured photon detection
times with respect to the optical laser pules is given in Fig. 3. A fluorescence lifetime model,
which takes into account repetitive excitation, was used for fitting. The obtained radiative and
non-radiative dacay times equalled τR = 6.6(2) ns and τN = 127(8) ns, respectively.

Fig. 3. NV− fluorescence decay measurement pumped with puled attenuated laser. The
pumping wavelength was 532 nm, pulse duration approximately 200 fs and repetition rate 80
MHz.

4. Discussion

The detector monitoring the fluorescence has an active area of 50 µm diameter, photon detection
efficiency of the order of 15 − 28 % for the spectral range of interest, which is 700 − 800 nm, and
exhibits 65(8) dark counts per second. When taking into account the number of fluorescence
photons, the signal to noise ratio (SNR) for the higher (lower) power setting was 0.65(46)
(0.154(16)). However, the heralding scheme applied in the experiment, taking into account only
the heralded fluorescence photons and dark counts, improves SNR because it benefits from the
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ability to reject a substantial part of the dark counts. It stems from the fact that the detection
window for the fluorescence monitoring detector is being opened only when a heralding photon
was already detected. Hence, the effective detection probability of a fluorescence photon is
higher than of a dark count within a given detection window. For experimental conditions in the
higher (lower) power setting this results in 2.96(27)% (1.42(16)%) of the real fluorescence and
0.446(12)% (0.172(22)%) of the dark counts being heralded. This leads to the increase of SNR
for the higher (lower) power setting to 4.3(8) (1.3(6)). In principle, the SNR can be improved
even further by replacing the fluorescence monitoring by one with active area of 30 µm diameter
giving and reduced dark count rate 1 per second [27]. The expected SNR would increase by a
factor of 65. Details on SNR calculation can be found Supplement 1.

Now the problem of converting a heralded photon generated by HSPS to the fluorescence
photon emitted by an NV center is adressed. This quantity can be estimated based on the
observed count rates to be 1.46(32) · 10−4 (2.1(8) · 10−4) for higher (lower) power setting. This is
the efficiency of the sample, meaning the experimental setup imperfections are excluded. The
setup sets additional limits resulting in the observed conversion efficiency, ηconv., of 7.0(7) · 10−6

(1.01(25) ·10−5) for higher (lower) pumping setting. This is due to experimental factors including:
efficiency of extracting fluorescence photons from the diamond, losses in optical elements, fiber
coupling efficiencies and quantum efficiencies of the detectors.

The low conversion efficiency results in long time of data acquisition. The typical time
of the reported experiments was of the order of 24 hours. The heralded fluorescence photon
count rate (signal), nsh, depends on the SPDC generation rate, NSPDC, visible photon fiber
coupling, ηVIS, infrared photon fiber coupling, ηIR, infrared photon detection efficiency, ηIRdet.,
and the conversion efficiency, ηconv.. The exact formula is a product of those factors, nsh =
NSPDC · ηVIS · ηIR · ηIRdet. · ηconv.. Hence it is clear, that improvement of the SPDC photon pair
coupling efficiency, increasing the SPDC source pomp power, and detectors with higher quantum
efficiency can speed up the measurement. It is estimated, that when switching from pulsed to
continuous-wave laser pumping of the SPDC source, the power can be safely increased up to
single Watts with preserved single photon characteristics of the source. This would result in 3
orders of magnitude faster measurement when leaving all other settings unchanged. It is also
worth mentioning that while the experiment was performed with the aid of an oil-immersion MO,
it is possible to conduct it with a dry air MO. Such configuration would result in longer data
aquisition time but would enable cryogenic experiments.

5. Summary

In conclusion, a simple, room-temperature, cavity- and vacuum-free single-photon single
atom-like system interaction was demonstrated. The experiment was performed on a high
NV−-concentration diamond sample with a tunable, SPDC-based heralded single-photon source.
Interaction efficiency, usually limited by the very small spectrum overlap between the broadband
quantum light and narrow atomic transitions, was significantly enhanced thanks to phonon-
broadened absorption in nitrogen-vacancy centers in diamond.

The result can also be considered as a useful technique paving the way for development of new
applications like quantum microscopy [5,6] or virtual-state spectroscopy [7–9]. In particular,
the ability of interaction of NVs with statistics-controlled quantum light enables two-photon
processes, such as ionization of negatively-charged NV centers, to be eliminated. Moreover,
it can be extended to the scenario of a low NV− concentration sample, which would enable
addressing of a single color centers. It would facilitate testing of the fundamental properties
of quantum light interacting with atomic systems. As a further step, several applications, such
as quantum microscopy, can be enhanced when non-classical properties of quantum light are
exploited.
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1. Fluorescence decay model

When the NV centre absorbs a photon, it non-radiatively decays to a lower energy excited
state, before decaying further to the ground state and emitting a photon. Since the two processes
occur consecutively, the fluorescence emission probability over time, ?(C), can be calculated as a
convolution of the non-radiative, ?# (C), and radiative, ?' (C): decay probability distributions

?(C) =
∫ C

0
?# (C ′)?' (C − C ′)3C ′ =

1
g# − g'

(
4
− C
g# − 4−

C
g'

)
, (S1.1)

where the respective function are defined as:

?# (C) =
1
g#
4−C/g# , ?' (C) =

1
g'
4−C/g' . (S1.2)

Only the probability of the decay for C > 0 is considered since the NV centre must be excited
before it can decay. Thus, the probability distribution ?(C) is redefined to

?(C) = \ (C) · 1
g# − g'

(
4
− C
g# − 4−

C
g'

)
, (S1.3)

where \ (C) is the step-function equal to zero (one) for the negative (positive) values of t such that
the probability of decay is 0 for C < 0.

The detailed version of the experimental setup scheme for the heralded measurement illustrated
in Fig. 1 (a) in the main text is given in Fig. S1. In the SPDC process, a pair of photons
is produced in a nonlinear crystal. Since the photons are created together and the chromatic
dispersion in the setup in negligible, the time delay between their detection events is constant and
depends on the difference in path lengths of the photons and detection signal. In a histogram of
time delays, Fig. S2, this is visible as a peak in coincidences, further called proper coincidence
peak. However, due to setup imperfections, one or both of the photons from a given pair can
be lost. When this occurs, the coincidence may instead happen between photons from different
pairs, as shown in Fig. S2 inset. This results in a time delay that is a multiple of the rate of
generation of the photon pairs, which is the time between laser pulses C0. These events, called
accidental coincidences, can be seen as smaller peaks in the number of coincidences in Fig. S2.



Fig. S1. Detailed experimental setup. Infrared light from a Ti:Sapphire pulsed laser
is focused by lens L1 (plano-convex, f = 7.5 cm) onto a nonlinear BiBO crystal. The
resulting blue photons are collimated by another lens L1. Two dichroic mirrors, DM1
(Chroma AHF T425LPXR), separate unconverted laser light. The halfwave plate HWP
rotates the laser beam polarization before it is focused by lens L2 (plano-convex, f
= 10.0 cm) into the type-II PPKTP nonlinear crystal (10 × 4 × 2`<). Dichroic mirror
DM2 (Chroma AHF 76 − 875−LP) separates the visible and infrared photons. Lens L3
(plano-convex, f = 15.0 cm) collimates the visible photons and then filters F1 (ET500
and FF550/88) remove unconverted laser light before photons are coupled into a single
mode fibre (SMF780) by fibre collimation package with focal length either f = 1.51
cm or f = 1.1 cm (FC1). Infrared photons are transmitted through DM2, collimated
by lens L4 (plano-convex, f = 10.0 cm), filtered by filter F2 (1319 LP), and coupled
into a single mode fibre (F1-2000-FC-1) using mirror M and fibre collimator FC1 (f
= 1.51 cm). Superconducting nanowire single photon detector, SSPD, detects the IR
photons. Visible photons (532/565/575 nm) travel through fibres and are collimated by
collimation package FC2 (F671FC−405) to reflect off dichroic mirror DM3 (Semrock
FF573-DIO1). Microscope objective MO focuses green photons on diamond sample
and collects red fluorescence. Red photons pass through DM3 and remaining green
photons are removed by filter F3 (Thorlabs FELH550/FELH700/BP650 − 40). For
tests with 532 nm, 565 nm, and 575 nm green photons, fluorescence photons with
wavelengths below 550 nm or 700 nm, below 700 nm, and between 610 nm and 690 nm
were filtered respectively. Lens L5 (plano-convex, f = 3.0 cm) focuses photons onto
avalanche photodiode SPAD. Oscilloscope detects signals from SSPD and MPD.
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Fig. S2. Accidental coincidences. Time delay between visible and infrared SPDC
photons for higher and lower power settings, respectively. The accidental coincidences
almost disappear in the lower power setting. The inset visualizes the concept: when
one of the photons in the SPDC photon pair is lost (dashed, empty circles), this can
result in coincidences between photons in neighbouring pairs (solid, colored circles),
accidental coincidences.

The presence of accidental coincidences has a direct influence on the heralded measurement
and hence further modifiactions of the analytical model are required. As a result the histogram is
formed as a sum of the proper decay, originating from the proper coincidence visible photons,
and accidental decays, originating from the accidental coincidence photons. The corresponding
formula for the probability distribution function for the time of fluorescent photon detection can
be written as

%(C) = �
(
?(C) + A

∞∑
==1
[?(C + =C0) + ?(C − = · C0)]

)
+ 1, (S1.4)

where � and 1 are respectively the experimental scaling factors related to the intensity and
background, whereas A, reflecting the ratio of accidental to proper coincidences, is a factor
correspoding to the probability with which the proper and accidental decays contribute to the
process.
The observed range of data lies within Cn [−C0, 3C0], hence after substituting Eq. 1 into Eq.

S1.4 the final model for the observed range is given by
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+ 1. (S1.5)



2. Signal to noise ratio (SNR)

The heralded measurement scheme was applied. The heralded signal counts were estimated by
multiplying the observed fluorescence signal counts, = 5 , by the coincidence, =2>8=2., to visible,
=+ �( , count rates ratio, giving the rate of heralded fluorescence counts per second

=Bℎ =
=2>8=2.

=+ �(
· = 5 . (S2.1)

The heralded dark counts were estimated as follows. The detected amount of dark counts (DC),
=�� , was multiplied by the probability of detecting a heralded DC, ?ℎ4A0;3.,

=��ℎ = ?ℎ4A0;3. · =�� , (S2.2)
?ℎ4A0;3. = [� '[� '((%�[(%�� ,

where [� ' denotes the infrared photon fiber coupling efficiency, [� '((%� stands for the SSPD
quantum efficiency for the IR photon and [(%�� for the SPDC process efficiency per pulse.
Hence, finally the SNR was calculated as a ratio

(#' =
=Bℎ

=��ℎ
. (S2.3)



7
SINGLE PHOTON –

N NITROGEN-VACANCY CENTERS

Science is not a collection of facts;
it is a process of discovery.

Robert Zubrin

One never notices what has been done;
one can only see what remains to be done.

Maria Skłodowska-Curie

This chapter presents the work focused on the investigation of the interaction of a single
photon with a given number of absorbers, N . The optical setups, experimental techniques,
measurement schemes, and obtained results are shown together with a discussion on the
problems that were encountered and possible ways of solving them.

Parts of this chapter will be submitted to a journal.
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A fundamentally interesting problem to address in physics is the interaction of light in
a Fock state, |n〉, with a given number of absorbers, N . It offers insights into the very
nature of quantum mechanics, helping us to better understand the behavior of light and
matter at their most fundamental level. It was already extensively studied in literature
from the theoretical point of view [33, 18, 10, 11] and a number of applications were
developed, both theoretically and experimentally, including secure quantum commu-
nication [31, 9, 39], quantum information processing [22], quantum microscopy [6], or
virtual-state spectroscopy [21, 37, 15], to name a few.

The aim of this part of my work was to study the interaction of a single photon, |1〉,
with a given number of absorbers, N , where nitrogen-vacancy (NV) centers in diamond
were chosen as the absorbers’ platform. The chapter is divided into two parts. The first
one addresses the interaction of a single photon with single NV centers (N = 1 or 2). Next,
in the second part, the interaction of a single photon with an ensemble of NV centers
in the context of single-photon superradiance is investigated. The presented work is
followed by a common discussion.

In the work presented in this chapter, I was responsible for the experimental setups’
designs, building the confocal and cryogenic microscopes, coordinating the work, and
the obtained results analysis. The measurements were performed jointly by me and Anu-
radha Anarthe under my supervision.

7.1. SINGLE PHOTON – SINGLE NV
7.1.1. EXPERIMENTAL SETUP
The experimental setup design given in Figure 7.1 is similar to that detailed in Article
A1. It consists of a heralded single-photon source (HSPS), a 532 nm continuous wave
(CW) laser, a confocal microscope (CM), a set of single-photon detectors (superconduct-
ing nanowire single-photon detector: SNSPD, and two single-photon avalanche diodes:
SPAD1, SPAD2), and an oscilloscope.

IMPLEMENTED SINGLE-PHOTON SOURCE

A HSPS based on the design given in Ref. [14] was implemented in the presented ex-
periment (see Fig. 7.2 and 7.3). The source was based on a type-0 Spontaneous para-
metric down-conversion (SPDC) process in a periodically-poled potassium titanyl phos-
phate (PPKTP) non-linear crystal. A Ti:Sapphire laser (Coherent Chameleon Ultra 2)
with 140 fs pulse width, 80 MHz pulse repetition rate, and 792 nm central wavelength was
frequency-doubled on a beta barium borate (BBO) crystal through the second harmonic
generation (SHG) process generating 396 nm pulsed light. To enhance the second har-
monic generation (SHG) efficiency, a combination of a focusing lens and a collimating
lens (L1,L2) was employed. A dichroic mirror (DM1) was used to separate the generated
396 nm light from the 792 nm pump. Next, the obtained 396 nm pulsed light served as
a pump for the SPDC process in the PPKTP crystal. The PPKTP crystal dimensions were
1mm×2mm×1mm (width x height x length) with a poling period of 3.75µm. Although
longer crystals, in general, provide a higher pair generation rate, the pulsed pump with
80 MHz pulse repetition rate required a short crystal length to ensure no pulse elonga-
tion that occurs due to the dispersion in the crystal. As exposed to UV light, the crys-
tal suffered from degradation. Therefore, the crystal was supplied with an extra coat-
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Figure 7.1: Experimental setup scheme. The experimental setup is pumped by a 532 nm CW laser source or
532 nm single photons generated by a heralded single-photon source (HSPS). The first flip mirror (F M1) con-
trols the laser source path enabling its further propagation or routing it onto a beam blocker (BB). Both light
sources are fiber coupled by fiber couplers (FC 1, FC 2) and combined on a 99:1 fiber beamsplitter (F BS) with
single photons taking the 99% port and laser beam taking the 1% port. The output port of the FBS is fiber
decoupled by an FC3 and the outgoing light serves as a pump for the confocal microscope (C M) setup. The
green light is reflected from the dichroic mirror (DM), AHF Multiphoton-LP-Beamsp. HC 875 LP, and focused
by a microscope objective (MO) on an NV-center sample. The fluorescence from the excited NV centers is
collected again by the MO and transmitted by the DM. Then, the fluorescence is focused by a 50 mm lens (L1)
on a 75 µm pinhole, and later collimated again by another 50 mm lens (L2). Subsequently, the fluorescence is
spectrally filtered by a longpass filter (LPF 1), Thorlabs FELH650, and by means of a second flip mirror (F M2)
routed onto one of the single-photon avalanche diodes (SPAD1, SPAD2). SPAD1: prototype of a silicon-based
single-photon avalanche diode of dark counts below 1 cps created by collaborators from Politecnico di Milano,
SPAD2: Perkin Elmer, SPCM-AQRH-14-FC. The 1550 nm idler photons generated by the HSPS are fiber cou-
pled by an FC4 and routed to a superconducting nanowire single-photon detector (SN SPD). Signals from the
single-photon detectors are analyzed on an oscilloscope (Keysight, DSOS404A).

ing that prevented it from degradation related to the high energy density of UV light
within a pulse. Moreover, the crystal was mounted on a motorized positioner which was
constantly moving. This means that the position of the crystal on which the pumping
beam was focused was constantly changing and no point of the crystal was exposed to
the pumping beam for too long. This weakened crystal degradation and enabled higher
pump power application. The maximal power of the 396 nm light which was observed
not to damage the crystal in the above-described configuration was 5 mW. The PPKTP
crystal was kept at room temperature generating photon pairs with signal photons at
532 nm and idler photons at 1550 nm. The pumping beam polarization was controlled
through a set of a polarizing beam-splitter (PBS) and a half-waveplate (HW P ). In this
case, vertical polarization was desired. Furthermore, to maximize the photon pair gen-
eration rate a focusing lens (L3) of 50 mm focal length was used to focus the pump beam
to the center of the non-linear crystal. A dichroic mirror (DM2) was used to separate the
generated photons and two separate lenses (L4, L5) were used to collimate the signal
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Figure 7.2: Schematic of the heralded single photon source (HSPS). The system is pumped with a Ti:Saph,
80 MHz, 140 fs pulse length pulsed laser tuned to 792 nm. M: mirror; L1, L2: focusing and collimating lenses for
optimal second harmonic generation (SHG) process; BBO: beta-barium-borate crystal for SHG process con-
verting 792 nm pump beam to 396 nm beam; DM1: dichroic mirror used for filtering the residual pump beam
– transmitting the 792 nm pump beam and reflecting the 396 nm beam; PBS: polarizing beam-splitter; HWP:
half-waveplate; L3, L4, L5: focusing and collimating lenses for optimal SPDC process; PPKTP: periodically-
poled potassium titanyl phosphate crystal for type-0 SPDC; DM2: dichroic mirror used for separating the
532 nm signal and 1550 nm idler photons; BPF (Bright Line, Fluorescence filter 550/88): bandpass filter, LPF2
(Semrock BLP01-1319R): longpass filter.

Figure 7.3: A photo of the implemented heralded single photon source (HSPS). BBO: beta-barium-borate
non-linear crystal for second harmonic generation; PPKTP: periodically-poled potassium titanyl phosphate
crystal for type-0 spontaneous parametric downconversion; DM1, DM2: dichroic mirrors; FC2, FC4: fiber
couplers.
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and idler photons. To get rid of any residual pump photons spectral filters (LPF 2, BPF )
were used before coupling the single photons into the single-mode fibers. The signal
photons were sent to the confocal microscope setup whereas the idler photons were de-
tected by a SNSPD (Scontel) and served as the heralding photons.

CONFOCAL MICROSCOPE

The confocal microscope setup can be pumped by either the signal photons generated
in the single-photon source described in Subsec. 7.1.1 or by an additional, fiber-coupled
532 nm CW laser source (see Fig. 7.1). In the presented experiment, the two sources of
light were combined on a 99:1 fiber beamsplitter (FBS) transmitting single photons and
laser source in the ratio 99:1, respectively. The FBS output port was connected to the
input of the confocal microscope setup. A flip mirror (FM1) was placed before coupling
the laser light into the fiber. The FM1 oriented up reflected the laser beam and routed
it into a beam blocker (BB), which resulted in no laser light at the input to the confo-
cal microscope setup. Alternatively, the FM1 oriented down enabled laser light into the
microscope. The power of the laser light, even transmitted through the 1% port of the
FBS, was overwhelmingly higher than the power of the single photons leaving the FBS
through the 99% port. Hence, one could assume that the FM1 oriented up corresponded
to only single photons entering the confocal microscope, whereas FM1 oriented down
corresponded to a coherent pump.

Regardless of which pump source was used, the path of the green light in the mi-
croscope setup was almost the same. The 532 nm beam was reflected from the dichroic
mirror (DM) and focused by a microscope objective (MO) on the sample. The NV cen-
ters localized in the confocal volume of the incoming beam were excited and fluoresced
in red according to the emission spectrum presented in Chap. 2. The emitted fluores-

Figure 7.4: A photo of the implemented confocal microscope. MO: microscope objective, DM: dichroic mir-
ror, FM2: flip mirror, LPF1: longpass filter. Green line: pumping path, red line: fluorescence path.
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cence photons were collected again by the same MO and transmitted through the DM.
Next, the fluorescence beam was focused by a 50 mm focal length lens on a 75 um pin-
hole and further collimated by another 50 mm focal length lens. The two-lens setup with
a pinhole in between provided confocality to this fluorescence microscope (see Chap. 2).
Next, before entering the appropriate detector, the outcoming beam was spectrally fil-
tered to remove any residual green pump photons. After filtering the fluorescence beam
it was routed by the FM2 onto one of the single-photon detectors (SPAD1/SPAD2). The
photo of the implemented confocal microscope is given in Fig. 7.4.

The two light sources available within the setup described above had two distinct
purposes. The single-photon source was meant to be used to examine the interaction
of a single photon with a given number of NV centers. As the joint efficiency of the NV
center absorption and the optical setup transmission was low a single-photon avalanche
diode with low dark count level was used (SPAD1). Although it did not exhibit a high
detection efficiency for the desired spectral range (around 30%-10% in the range of 600−
800 nm according to the documentation), it gave the dark count rate below 1 cps. When
compared to commercially available SPADs like Perkin Elmer, SPCM-AQRH-14-FC that
exhibit 55%-65% for the 600−800 nm spectral range and the dark counts on the level of
200−300 cps, the SPAD1 detector allowed for two orders of magnitude better SNR which
is the main limitation in this kind of experiments.

On the other hand, the coherent light source was used to enable sample scanning,
generating its fluorescence maps and subsequently addressing a given NV center or NV
centers’ ensemble in an optical manner. As in this case the signal level was well above
200−300 cps, the PE detector happened to be a more accurate choice due to its higher
detection efficiency which practically translates into better confocal scans.

7.1.2. SAMPLE AND SOURCE CHARACTERIZATION

SAMPLE

The synthetic diamond sample used in this experiment was a type IIa CVD diamond
sample from Element Six which had been annealed in an ultra-high vacuum (UHV) oven
at a pressure < 1e −7 mbar and the temperature of 1500 ◦C. The exact preparation pro-
cess was the same as in Ref. [20]. This way prepared diamond samples showed separated
single NV centers distributed throughout the diamond crystal. During the characteriza-
tion, count rates of up to 300 kHz were observed for single isolated NV centers pumped
with 1 mW 532 nm CW laser within the setup presented in Fig. 7.1.

Two bright spots were examined with the Hanbury-Brown and Twiss (HBT) experi-
ment indicating that one of them represented a single NV center – g2(0) = 0.20(3), and
the second one two NV centers – g2(0) = 0.48(4), see Fig. 7.5. The shape of the g2(t) func-
tion suggested that these were the NV centers in the negative charge state as their g2(t)
functions clearly exhibited the bunching anti-bunching behavior [3].

The g2(0) autocorrelation function measurement was done by performing the HBT
experiment. The sample was excited with a coherent 532 nm CW laser within the
lab-built confocal microscope given in Fig. 7.1. The fluorescence was split on a 50:50
beamsplitter and routed onto two single-photon avalanche diodes (Perkin Elmer,
SPCM-AQRH-14-FC). The signals detected by the single-photon detectors were further
analyzed on a time-tagging module (quTAG [26]). quTAG works as an event register.
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Whenever a signal is registered on one of the channels that can be labeled as START,
the device saves the signal registration time and waits for a signal arrival on the second
channel, which can be labeled as STOP. Once it arrives, the device saves its registration
time on the STOP channel, subtracts from it the previous registration on the START
channel, and saves the time difference. This procedure is repeated for the predefined
by the user period of time. The quTAG accompanying software called Daisy is able to
quickly form a histogram from the saved time differences between the registration of
signals on both of the channels.

(a) (b)

Figure 7.5: G2 measurements a) single NV center, b) two NV centers. The red horizontal line was marked as
a reference at 0.5.

The data for the g2 measurement was accumulated for 20 minutes. The obtained,
raw histogram data, g (2)

exp.(τ), was normalized and corrected for the incoherent light col-
lected by the single photon detectors according to the procedure mentioned already in
Chap. 3 [3, 8, 36, 12]

g (2)
nor m.(τ) = g (2)

exp.(τ)/(S1S2wT ), (7.1)

where S1,S2 stand for the individual detectors count rates, w stands for the histogram
binwidth, and T for the integration time,

g (2)(τ) = 1

ρ2 (g (2)
nor m.(τ)−1)+1, (7.2)

where ρ = S
S+B is a correction coefficient with S standing for the fluorescence signal

counts and B for the incoherent background counts. Due to the existence of the NV
singlet state a single NV center could not be modeled as a two-level system but a three-
level model with an additional shelving state was required instead. It can be shown that
the second order correlation function for N three-level system reads [3, 19]

g (2)(t ) = 1−β 1

N
e−γ1t + (β−1)e−γ2t , (7.3)

where β, γ1, and γ2 are the parameters expressed by appropriate coefficients from the
rate equations describing the dynamics of the NV center as a three-level system [3].
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SOURCE

The source was characterized by measuring the average coincidence rate between the
signal and idler photons together with the individual counts of each of the photons.
A silicon-avalanche detector (Perkin Elmer, SPCM-AQRH-14-FC) was used for the visi-
ble photons detection and an SNSPD (Scontel) was used for the idler photons detection.
The coincidence measurement was done utilizing quTAG – the time-tagging module de-
scribed in the previous section. 140 kHz coincidence rate for the pump power of 5 mW
was measured together with 0.9 MHz count rate of the signal and 1.2 MHz for the idler
photons. The source proved to be of high purity exhibiting the second-order coherence
function, g 2(0), equal to 0.0008(1). This means that the multi-photon generation events
were negligibly small and the source could be indeed considered a single-photon source.

The conditional second-order coherence function of the source at zero delay time
(g 2(τ = 0)) was measured using the HBT setup with an additional, heralding detector.
A 50:50, symmetric beamsplitter was introduced into the 532 nm signal photons arm
dividing it into two arms denoted as s1 and s2. One silicon-avalanche detector was posi-
tioned in each of the s1 and s2 arms. The coincidence rate at τ= 0 between s1 and s2 was
measured, given that a simultaneous photon (1550 nm) was detected in the idler arm
denoted as i . The normalized expression for the second-order coherence function was

used g 2(τ= 0) = (Cs1,s2,i )I
(Cs1,i )(Cs2,i ) [5], where Cs1,s2,i is the triple coincidence rate between s1, s2,

and i . Cs1(s2),i is the coincidence rate between s1(s2) and i . I stands for the idler count
rate, which is replaced by I =Cs1,i +Cs2,i , in order to cancel out the background noise.

7.1.3. FLUORESCENCE MEASUREMENT SCHEME

This measurement was done while pumping the confocal microscope with heralded sin-
gle photons generated by the source described in Subsec. 7.1.1. The fluorescence mea-
surement scheme was similar to the measurement scheme applied for the sample g2
measurement. In this case, however, the registration time difference was measured be-
tween the single-photon induced fluorescence photon arrival and the heralding infrared
photon coincident with the visible photon that had excited the fluorescence. The data
collection was done on an oscilloscope and the subsequent coincident time differences
were saved for further analysis.

7.1.4. EXPERIMENTAL PROCEDURE

As a preparation step, the sample was scanned in search of spatially well-separated can-
didates for a single NV center or an ensemble of two NV centers. Fluorescence maps
were generated using the Qudi experimental control suite [4] by scanning the sample
with a piezopositioner and collecting fluorescence resulting from the excitation of the
sample with a 532 nm laser for each scanning position. The clearest and brightest flu-
orescence spots of Gaussian shape on the fluorescence maps were found at the depth
range from 10µm to 20µm. These spots were further examined with the HBT experi-
ment for the number of containing emitters. If the test resulted in antibunching, indicat-
ing one or two NV centers within the illuminated spot, the confocal microscope stayed
fixed on this target. However, the confocal microscope had limited stability and a before-
chosen bright spot could drift from the focus with time. To keep the focus on the target
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a refocusing procedure had to be applied. Such a refocusing procedure is included in the
aforementioned Qudi software. It consists of scanning the sample in the vicinity of the
previously registered position of the bright spot. Next, a 3D Gaussian function is fitted
to the obtained fluorescence scan and the microscope focus is corrected to overlap with
the center of the fitted Gaussian function. In order not to lose more than 20% of the flu-
orescence signal the refocus had to be performed every 20−30 minutes. Not refocusing
for more than 12 h may have led to losing the before-chosen bright spot.

When specifying the emitter or cluster of NV emitters that is wished to be investi-
gated while interacting with single photons were specified, a fluorescence measurement
scheme can be started. However, due to the low NV fluorescence rate when pumped
with single photons, such an experiment becomes very lengthy and its duration defi-
nitely exceeds the 20− 30 minutes regime of confocal microscope stability. Therefore,
the refocusing procedure had to be included in the experimental procedure. The code
controlling the experiment was written in Python. It consists of running the fluorescence
measurement scheme with a break every 30 minutes in order to apply the refocus pro-
cedure. During the fluorescence measurement, the FM1 was oriented up, enabling only
single photons to the microscope, and FM2 was oriented down routing the fluorescence
to SPAD2. In contrast, when breaking the measurement to apply the refocus procedure,
orientations of the flip-mirrors were reversed, orienting FM1 down and enabling the co-
herent light source into the microscope, and FM2 up routing the fluorescence to SPAD2.
It was checked that applying the refocus procedure three times in a row was giving the
best results. Every 4−12 h the code was broken and the source was optimized manually
for the highest coincidence rate.

7.1.5. RESULTS
The experiment was run for a single NV center and an ensemble of two NV centers. The
data collected in the aforementioned time-resolved fluorescence measurements were
formed into histograms and presented in Fig. 7.6. As the HSPS was pumped with an
80 MHz pulsed laser both the HSPS coincidence histogram and the heralded NV fluores-
cence histogram were expected to exhibit a 12.5 ns periodicity. The delays between the

(a) (b)

Figure 7.6: Fluorescence histogram for a) single NV illuminated with single photons (44 h and 30 min data
acquisition time) b) two NVs illuminated with single photons (64 h data acquisition time). Data selected upon
postselection, depending on the source stability. The dashed line marks the boundary between the 3-rd and
4-th bin, where the main coincidence decay was expected to be observed.
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fluorescence and heralding channels were chosen such that the fluorescence from the
signal coincidences should appear in the middle part of the Fig. 7.6 – starting at 12.5 ns
(pink dashed line) – whereas fluorescence originating from the accidental coincidences
should appear on the side parts (at 0 ns and 25 ns). Due to the low interaction efficiency,
a low SNR was expected for this measurement and hence the histogram was formed us-
ing three bins per each period of the pumping laser – three bins per each 12.5 ns. Each
bin was accompanied by a corresponding error bar. The low SNR did not enable the col-
lection of sufficient statistics for the dynamics discussion to be held in a reasonable time
and hence it is beyond the scope of this thesis. Nevertheless, these results will be further
discussed. This will be done however at the end of this chapter. Apposing results ob-
tained within the project described in this section and the project described in the next
section is beneficial and common conclusions will be drawn.

7.2. TOWARDS SINGLE-PHOTON SUPERRADIANCE IN NV CEN-
TERS

Pioneering work on coherent emitters’ behavior was done by R. H. Dicke in 1954 [13].
In this work, the radiating emitters were treated as a single quantum-mechanical sys-
tem, and a semi-classical approach was applied. The notion of superradiance was intro-
duced there for the first time to describe atoms, which, under certain conditions were
capable of emitting radiation at higher rates when compared to independent emission.
The enhanced rate scales as the square of the number of atoms. It was also noticed that
it is possible to have an ensemble of emitters “such that spontaneous radiation occurs
coherently in one direction”. Radiation directionality in the context of superradiance
was discussed in detail by N. E. Rehler and J. H. Eberly [27]. It was shown that most
of the radiation is emitted in the direction of the plane-wave excitation pulse. Experi-
mental work demonstrating superradiance was done by a number of groups, specifically
on color centers in diamond [35, 7, 1]. All these considerations, however, were done
for excitation with coherent states, which do not feature a well-defined number of pho-
tons. The first work on single-photon excitation of an ensemble of atoms, including the
radiation emission directionality study, was done by Scully et al. [34]. The radiation
emission rate under single-photon excitation scales linearly with the number of atoms
[32]. Single-photon superradiance was demonstrated on cold 87Rb atoms [28]. However,
experimental demonstration of single-photon superradiance, to the best of my knowl-
edge, has not been done yet in solids. This is a useful platform with a strong potential for
fundamental research applications and quantum technology development.

The aim of this part of my work was to verify if the collective behavior of the color
centers in diamond can be observed under single-photon excitation. In the experiment
described below, different number of NV centers were excited by a single-photon source,
and the resulting fluorescence was analyzed in the context of superradiance.

7.2.1. EXPERIMENTAL SETUP

The experimental setup design given in Figure 7.7 is similar to that detailed in Article
A1. and in Sec. 7.1. It consists of a pulsed coherent light source, an HSPS, and a cryo-
genic fluorescence microscope. The HSPS is exactly the same as described in Sec. 7.1
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Figure 7.7: Experimental setup scheme. The experimental setup consists of two kinds of light sources, a cryo-
genic fluorescence microscope, a photodiode (PD), two single-photon detectors (SPAD, SNSPD), and an os-
cilloscope (Keysight, DSOS404A). The first light source is a Ti:Saph pulsed laser, with 80 MHz repetition rate,
140 fs pulse length, tuned to 1040 nm wavelength. The second one is a heralded single-photon source (HSPS)
as described in Sec. 7.1 and shown in Fig. 7.2 and 7.3. BS: symmetric beamsplitter; PD: photodiode; PP:
pulse picker set to 1:20 division ratio picking 1 in 20 pulses and blocking the other ones; L1, L2: focusing and
collimating lenses for optimal second harmonic generation (SHG); FC1, FC2, FC3, FC4: fiber couplers; DM -
dichroic mirror (AHF Multiphoton-LP-Beamsp); MO: microscope objective; F: set of filters (Thorlabs longpass
filter, LPF, with a Cut-On wavelength 650 nm, FELH650, or 635 nm centered bandpass filter, BPF, with 10 nm
FWHM bandwidth, L−635−10); SPAD: a prototype of a single-photon avalanche diode exhibiting dark counts
below 1 cps and created by our collaborators from Politecnico di Milano; SNSPD: superconducting nanowire
single-photon detector.

and hence it will not be described here. The coherent light source consists of the same
laser which is used to pump the HSPS. As a reminder it is a Ti:Sapphire pulsed laser
with a repetition rate of 80 MHz and a pulse duration of 140 fs. The laser was tuned to
1040 nm and routed onto a symmetric beamsplitter (BS). One output arm was directed
onto a photodiode (PD) the signal from which served as a reference in the further de-
scribed time-resolved measurement, whereas the photons from the other output of the
BS were routed onto a Pulse Picker (PP). The PP was set to the division ratio of 1:20 choos-
ing 1 in 20 pulses and enabling it for further propagation while blocking the other ones.
The PP-modulated laser beam pumped a BBO crystal and through the SHG process gen-
erated 520 nm photons. The single photons generated by the HSPS and the frequency-
doubled and PP-modulated laser beam were coupled to two separate fibers (FC 1, FC 2).
Depending on which kind of source was planned to be used appropriate fiber was con-
nected to the FC3 fiber coupler to pump the fluorescence microscope. The 1550 nm idler
photons generated by the HSPS were coupled by the FC 4 fiber coupler and routed onto
an SNSPD.

The cryogenic fluorescence microscope used in this experiment had a very similar
design to the microscope setup presented in Sec. 7.1 Fig. 7.1. The main differences be-
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Figure 7.8: Implemented cryogenic fluorescence microscope. Green line: pumping path, red line: fluores-
cence path, DM: dichroic mirror.

tween those two setups are: firstly, in the current setup the sample is kept inside a cryo-
stat with an optical access (not in ambient conditions), and secondly, the current setup
is not a confocal microscope but just a fluorescence widefield microscope as it does not
contain a pinhole in the fluorescence detection arm. The cryostat enabled cooling the
sample down to the temperature of ∼ 4 K. In general, a pinhole in a fluorescence mi-
croscope is used to improve the microscope’s resolution. However, at the same time, it
weakens the fluorescence signal reaching the detector. In the case of this experiment
spatial resolution was not as crucial. The priority here was set on obtaining the highest
fluorescence signal and hence the pinhole was not included in the design.

Regardless of which light source was used, the green light beam was reflected from
the dichroic mirror (DM) and focused by a microscope objective (MO) on the sample
where both the MO and the sample are kept inside the cryostat. The NV centers local-
ized in the "in-focus" volume of the incoming beam were excited and fluoresced in red
according to the emission spectrum presented in Chap. 2. The emitted fluorescence
photons were collected again by the same MO and transmitted through the DM. Next,
before entering a detector, the outcoming beam was spectrally filtered (F ) to remove
any residual green pump photons (Thorlabs, Longpass filter with a Cut-On wavelength
650 nm, LPF). Additionally, a narrow bandpass filter (635 nm centered bandpass filter,
10 nm FWHM bandwidth, BPF) was used in a part of the measurements to enable an-
alyzing NV centers at the ZPL exclusively. After filtering the fluorescence beam it was
routed onto a single-photon detector. A single-photon avalanche diode with dark counts
below 1 cps (SPAD) was used in this experiment. The signals from the PD, the SNSPD,
and the SPAD were further analyzed on an oscilloscope. The photo of the implemented
cryogenic fluorescence microscope is given in Fig. 7.8.
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7.2.2. SAMPLES
Three different diamond samples were used in this experiment enabling reaching three
different regimes of NV centers concentration. When mounting a given sample in the
cryogenic fluorescence microscope and focusing the pump beam on it the "in-focus"
volume of the pumping beam selects the number of emitters that are excited simultane-
ously. This is schematically shown in Fig. 7.9. In this way, the variation of concentration
across the available samples is converted into the number of absorbers excited at the
same time.

(a) (b) (c)

Figure 7.9: Schematics of NV center samples pumped with a Gaussian beam. The black spots represent in-
dividual NV centers. The "in-focus" pumping beam (green) selects the number of simultaneously excited NV
centers (red). (a) Dense sample. (b) Aligned sample with a 66 nm layer of NV centers. (c) Diluted sample.

Certain requirements had to be imposed on the NV centers’ samples in order to be
able to observe the ordinary Dicke superradiance or the single-photon superradiance.
Regarding the ordinary Dicke superradiance, indistinguishability between the absorbers
has to be provided which includes spatial, spectral, and orientation indistinguishability.
The spatial indistinguishability is assured by using dense enough samples in which the
distance between the absorbers, r , is much smaller than the wavelength, λ, of the inter-
acting light, r ≪ λ. The spectral indistinguishability can be provided by looking only at
the ZPL of the NV centers’ emission spectrum whereas the orientation indistinguisha-
bility can be provided by preparing a sample with preferentially aligned NV centers [17].
The latter can be lifted, however, when considering a domain-grained model of NV cen-
ters of the same orientation as explained in detail in Ref. [7]. The dynamics of the NV
centers’ ensemble will be different than in the ordinary Dicke superradiance but they
still will manifest collective behavior [7]. In the case of the single-photon superradiance,
the spatial indistinguishability requirement is lifted while the rest of the requirements
remain unchanged.

DENSE

The first sample used in the experiment was a high-pressure high-temperature (HPHT)
diamond sample with a dense concentration of negatively charged nitrogen-vacancy
(NV−) centers, approximately 18 ppm. Therefore, this sample was named dense for the
purpose of this thesis. The NV centers were randomly oriented within this sample, occu-
pying with equal probability all four possible for this type of diamond defect orientations
[17]. Full sample characterization and preparation description, including spectrum and
ODMR measurement, is given in Refs. [23, 29]. This was the same sample as used in the
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work described in Article A1. As the NV centers’ orientations in this sample were ran-
dom, and hence the NV centers were not indistinguishable, the sample was not expected
to exhibit the simple Dicke superradiance. Instead, it was suspected that it may exhibit
the domain superradiance, as explained in work by Bradac et al. [7]. In this work, an en-
semble of randomly oriented NV centers was divided into domains of indistinguishable
NV centers that within a given domain were able to act collectively. Based on this, the
domain-grained superradiant model was developed that proved to accurately reproduce
the experimental data. The sample is schematically shown in Fig. 7.9 (a).

ALIGNED

The second sample was a synthetic diamond sample of the dimensions 2.0 mm × 2.0 mm
× 0.5 mm [25]. The sample was a 111 oriented type IIa diamond substrate with a CVD-
grown layer of 12C enriched material, doped with nitrogen to create a layer of preferen-
tially aligned NV centers along the < 111 > direction. Therefore, this sample was named
aligned for the purpose of this thesis. The NV layer thickness was around 66 nm of the
concentration was estimated to be 200 ppb by confocal fluorescence analysis. This sam-
ple was expected to show the single-photon superradiance as the NV centers were all
oriented in the same way and hence were indistinguishable. The sample was manufac-
tured at the University of Ulm. The sample is schematically shown in Fig. 7.9 (b).

DILUTED

This sample was used in the experiment described in Sec. 7.1 and is described in Sub-
sec. 7.1.2. It was named diluted for the purpose of this thesis as it had a very low con-
centration of NV centers enabling addressing single sites. This sample was used for the
reference measurement, where a single NV center performance was investigated. The
sample was manufactured at the University of Ulm. The sample is schematically shown
in Fig. 7.9 (c).

7.2.3. MEASUREMENT SCHEME
In general, two types of measurements were done in the context of the project described
in this section. Initially, a reference, time-resolved measurement with a coherent pump
was performed. Next, a time-resolved measurement with the HSPS was conducted. In
the case of the reference measurement the sample was excited with a 520 nm laser pulse
and the resulting fluorescence was routed onto a single-photon detector. This signal was
further correlated on an oscilloscope with the signal coming from the reference photo-
diode. The oscilloscope registered the time arrivals of the correlated signals of the pho-
todiode and the single-photon detector and saved the differences between them. The
measurement with the HSPS was exactly the same as explained in the previous section
but will be reminded here for consistency reasons. The sample was excited with a 532 nm
single-photon generated by the HSPS. Next, the resulting fluorescence was routed onto
a single-photon detector. In parallel, the infrared photon generated in the HSPS at ex-
actly the same time as the just mentioned 532 nm photon, was routed onto the SNSPD.
Subsequently, the signals coming from the detection of the fluorescence photon and the
infrared idler photons were correlated on the oscilloscope. The oscilloscope registered
the time arrivals of the correlated signals of the SNSPD and the single-photon detector
and saved the differences between them.
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7.2.4. RESULTS

Table 7.1: Summary of the performed measurements.

sample T, K pump filter

diluted 296 coherent LPF

dense 4
coherent

LPF
BPF

HSPS
LPF
BPF

aligned 4
coherent

LPF
BPF

HSPS LPF

First of all the reference measurements were performed. The first one was the time-
resolved measurement on the diluted sample. It was performed in a non-cryogenic con-
focal microscopy setting as described in Article A1. and in Sec. 7.1. The pulsed laser
beam was focused on a single NV center and the measurement was performed. Subse-
quently, two reference measurements on the dense sample were performed: one with
the coherent pump and one with the HSPS. These measurements were performed in the
cryogenic fluorescence microscope presented in Fig. 7.7. Due to the random orientation
of the NV centers within the dense sample, any kind of standard superradiance was not
expected to appear there. It was suspected, however, that the domain superradiance as
reported in Bradac et al. [7] could be observed instead. Because of this possibility, for
each of the pumping scenarios, two sets of filters were applied in the dense sample case.
A longpass filter, with the cutting wavelength at 650 nm (LPF), was expected not to allow
any kind of superradiance, and the 10 nm broad bandpass filter centered around 635 nm
(BPF), transmitting only the ZPL of the NV centers’ emission spectrum, was expected to
enable domain superradiance. Finally, the time-resolved measurements on the aligned

Figure 7.10: Normalized fluorescence decays. The legend describes: the sample, measurement temperature,
type of source pumping the sample, and the set of applied filters. See text for details.
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(a)

(b)

(c)

Figure 7.11: Normalized fluorescence decays. The legend describes: the sample, measurement temperature,
type of source pumping the sample, and the set of applied filters. (a) dense sample and coherent source data,
(b) dense sample and HSPS data, (c) aligned sample and coherent source data. See text for details.
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(a) (b)

(c)

Figure 7.12: Fluorescence decays for the measurements performed for (a) the aligned sample pumped with
the HSPS and filtered with the longpass filter (LPF), (b) dark counts heralded with the IR photon generated by
the HSPS (c) dense sample pumped with the HSPS and filtered with the LPF. Measurement results presented
on plots (b) and (c) serve as a reference for the analysis of the measurement result presented in plot (a) of this
Figure and in Fig. 7.6. The dashed line marks the boundary between the 3-rd and 4-th bin.

sample were performed. This was the sample in which the single-photon superradiance
was expected to be present. These measurements were performed in the cryogenic flu-
orescence microscope presented in Fig. 7.7. For the coherent pump scenario, two sets
of filters were applied: LPF – disabling any kind of superradiance, BPF – enabling some
kind of superradiance. For the HSPS only the LPF was applied. The measurements for
the dense and aligned samples were done at the liquid-helium temperature to suppress
the phonon-sideband in the NV centers’ emission spectrum [2], and direct more fluores-
cence into the ZPL. Therefore, a stronger fluorescence signal was expected when using
the BPF setting. The exact list of the performed measurements is presented in Tab. 7.1.

The results of the performed measurements are summarized in Fig. 7.10, Fig. 7.11
and Fig. 7.12. They present histograms formed from the saved-in-the-experiment time
differences between the detections of the fluorescence photon and the correlated IR
photon (in the HSPS case) or reference laser pulse (in the coherent light source case).
In Fig. 7.10 and 7.11 the results for all of the performed measurements are presented ex-
cept for the measurements for the aligned sample pumped with the HSPS. The results for
the aligned sample pumped with the HSPS were not included in the comparison plots as
their SNR did not enable dynamics analysis. Instead, they are presented in Fig. 7.12 and
will be discussed later together with the results from the previous section. Also, the low
SNR obtained for this measurement prevented the more challenging, in terms of SNR,
measurement for the aligned sample pumped with the HSPS and filtered with the ZPL
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bandpass filter.

7.3. DISCUSSION – LESSONS LEARNED

7.3.1. DYNAMICS ANALYSIS
From the results presented in Fig. 7.10 and 7.11 two qualitative observations can be
made immediately. Firstly, the results for each of the samples, regardless of the pumping
source or the set of applied filters, overlap. This suggests the lack of collective effects,
neither ordinary nor single-photon, in the investigated samples. Please note that the
overlap of the data points collected for the dense sample pumped with a coherent light
source and the HSPS applies only to the first 12.5 ns. The further part of the histogram is
influenced by the lack of the PP and the more pronounced background noise in the HSPS
case. Therefore, it is not taken into account in the comparison. On the other hand, it can
be seen that the radiative decay times for the dense and aligned samples are shorter than
the radiative decay time measured for a single NV, where the radiative decay time for the
aligned sample is the shortest. Such an observation can indicate the influence of surface
effects on the NV centers’ dynamics* [24, 30, 38, 16]. In the case of the diluted sample,
the time-resolved measurement was performed on an NV center located at a depth of
around 10µm, where the surface effects should not be present. On the other hand, in the
dense sample case, the excitation volume covered NV centers starting from those located
just at the surface down to those located at the depth of around 1µm, which corresponds
to the axial size of the focused pump beam on the diamond substrate. Therefore, a great
number of close-to-the-surface NV centers were illuminated in the dense sample case
and hence the measured radiative decay time could become shorter. Moving forward,
the aligned sample consisted of just a 66 nm NV layer on the top of the sample. This
means that all of the excited NV centers within the aligned sample could be affected by
the surface effects leading to the shortest radiative decay time among the above-listed
time-resolved measurements.

As already mentioned, the data for the aligned sample pumped with an HSPS and
filtered with a longpass filter exhibited too low SNR for the NV centers’ dynamics in-
vestigation. Because of this, the single-photon superradiance was not possible to be
demonstrated in this sample. However, the possibility of its existence cannot be ruled
out and potentially can be tested when optimizing the setup for a better SNR and when
applying the ZPL bandpass filtering scenario. The aligned sample consists of a 66 nm
layer of preferentially aligned NV centers of the concentration of 200 ppb. Within the
currently available manufacturing techniques, it should be possible to prepare a sample
of similar or up to around 1 ppm concentration of preferentially aligned NV centers ar-
ranged in around a 1 µm thick layer*. This kind of design would enable NV centers to
be pumped with the whole excitation volume. This upgrade, together with the highest
NV centers’ concentration within the sample, would lead to a significant increase of the
SNR in the potential time-resolved measurement. However, at this step, the potential
data collection time should be estimated. In the case of the measurement performed
for the dense sample (where the NV centers concentration was 18 ppm) pumped with
the HSPS and detected while applying the ZPL-only-transmitting bandpass filter it took

*private communication



7.3. DISCUSSION – LESSONS LEARNED

7

109

around 300 h to collect the respective data presented in Fig. 7.10 and Fig. 7.11 (b). To get
similar-quality data for the 1 µm thick aligned sample with the NV centers’ concentra-
tion of 1 ppm an 18 times longer data collection time would be needed, of around 5400 h
meaning 225 days. Such an estimation leads to the conclusion that most likely a different
platform than NV centers in diamond should be applied to demonstrate single-photon
superradiance on a solid-state platform.

7.3.2. SNR ANALYSIS

Fig. 7.12 presents the time-resolved measurements results for (a) the aligned sample
pumped with the HSPS and filtered with the LPF (b) dark counts heralded with the IR
photons coming from the HSPS (c) the dense sample pumped with the HSPS and filtered
with the LPF. The aligned sample result is of main interest here whereas the heralded
dark counts and the dense sample measurements served as a reference. As the HSPS was
pumped with an 80 MHz pulsed laser the heralded NV fluorescence histograms would
exhibit a 12.5 ns periodicity. The delays between the fluorescence and heralding chan-
nels were chosen exactly in the same way as for the measurements performed within the
project presented in the previous section. This means that the fluorescence from the sig-
nal coincidences was expected to appear in the middle part of the histogram – starting at
12.5 ns (pink dashed line) – whereas fluorescence originating from the accidental coinci-
dences should appear on the side parts (at 0 ns and 25 ns). Due to the expected low SNR
of the measurement of interest, the histograms were formed using three bins per each
period of the pumping laser – three bins per each 12.5 ns. Each bin was accompanied by
a corresponding error bar.

The results presented in Fig. 7.12 should be discussed together with the results pre-
sented in Fig. 7.6 in the previous section. The results presented in Fig. 7.12 (a) and in
Fig. 7.6 (a) and (b) will be the results of interest and should be compared with the two
reference measurements given in Fig. 7.12 (b) and (c), where the heralded dark count
measurement (Fig. 7.12 (b)) was expected to exhibit flat characteristics within the statis-
tical error and the dense sample fluorescence (Fig. 7.12 (c)) was expected to distinguish
with high SNR the three fluorescence decays separated by 12.5 ns as described in the
paragraph above. Due to the low SNR visible in the results of all the three measurements
of interest (Fig. Fig. 7.12 (a), Fig. 7.6 (a) and (b)), the question of whether any signal is
being seen there is legitimate and will be discussed now. A proof of observing the in-
teraction of a single/two NVs within the diluted sample or an ensemble of NV centers
within the aligned sample with single photons could be identified with the visibility of
the aforementioned fluorescence decays in Fig. 7.6 or Fig. 7.12, respectively. In this
case, the visibility itself would be defined as the possibility to differentiate between the
last bin of the first fluorescence decay (3-rd bin in the histogram) and the first bin of
the second decay (4-th bin in the histogram). The pink dashed line marks the boundary
between the 3-rd and 4-th bin in Fig. 7.6 and Fig. 7.12. If the difference between the
heights of those bins exceeds the level of statistical error, it is regarded as evidence of
the interaction. The visibility can be clearly seen in the result of the second reference
measurement performed on the dense sample (Fig. 7.12 (c)). This result exhibits a clear
contrast between the 3-rd and 4-th bins. Following this way of thinking, the results for
the single/two NVs pumped with the HSPS, presented in Fig. 7.6, and for an ensem-
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ble of preferentially aligned NV centers pumped with the HSPS, presented in Fig. 7.12
(a), all exhibit this visibility which should prove that the interaction with single photons
was observed. However, analyzing the histogram formed for the heralded dark count
measurement, presented in Fig. 7.12 (b), raises doubts. This measurement was actually
a heralded background measurement which was expected to be completely flat within
the statistical error. However, the obtained histogram also exhibits the visibility between
the 3-rd and 4-th bins. This unexpected result suggests two explanations. Either the
method that was chosen to verify whether the interaction in the histogram data was ob-
served is not correct, or there had to be some kind of disturbance that affected the per-
formed measurements. As a mistake in choosing the verification method could not be
found, it is concluded that the measurement had to be disturbed. This means that the
results presented in Fig. 7.12 (a), Fig. 7.6 (a), and Fig. 7.6 (b) could have been affected
by the same disturbance and hence there is no certainty that the corresponding interac-
tions were indeed observed. Therefore, to eventually verify it, the experimental setups
used to acquire the time-resolved measurement data should be carefully troubleshooted
and the source of the disturbance should be found.

On the other hand, a way of increasing the SNR should be developed as well. Al-
though a lot of effort has already been put into that, the experimental setups that were
applied, still have room for improvement. This includes especially further tweaking of
the single-photon source, with a particular emphasis on the coupling efficiency. Find-
ing the most optimal lens configuration that leads to the highest coupling efficiencies is
a very challenging and time-consuming task. More effort should be devoted to it when
aiming at an improvement of the SNR of the final measurement. In parallel, engineering
the solid-state platform could be tested as well. In the presented work, the NV centers’
in diamond platform was applied. Bare diamond suffers from a high refractive index
(n = 2.42), which enables coupling of only up to 10% of the emitted fluorescence. Incor-
porating the diamond sample with a solid immersion lens (SIL) or a nanodiamond with
a fiber may already improve the performance. Moreover, engineering the setup with
a cavity-enhanced interaction should also improve the SNR although a higher order of
complexity would be introduced in that case. On top of that, a potentially more effec-
tive solid-state platform than NV centers in diamond could be found to demonstrate the
interaction of a single photon with a single absorber. This, however, requires additional
research and is beyond the scope of this thesis.

7.4. CONCLUSIONS
The aim of the work presented in this chapter was to investigate the interaction of a sin-
gle photon with a given number of emitters, N . The work was divided into two parts.
The first part was focused on the demonstration of the interaction of a single photon
with a single emitter or an ensemble of two emitters, whereas the second part was de-
voted to the study of the interaction of a single photon with a greater amount of emitters
in the context of the single-photon superradiance on a solid-state platform.

The results related to the first part of the work described in this chapter were not con-
clusive. Upon selecting a method that should enable verification of whether the inter-
action of a single photon with a single NV center or an ensemble of two NV centers was
observed, the obtained results were analyzed. Although the histograms corresponding
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to the time-resolved measurements performed on a single or two NVs interacting with
single photons exhibited contrast above the statistical error, the same was observed for
the heralded background measurement. This was associated with some external distur-
bance that affected all the measurements. Before finding the source of the disturbance
no conclusion on whether the interaction of a single photon with a single NV or an en-
semble of emitters was observed cannot be made. In parallel, particular setup improve-
ments, including increasing the single-photon source coupling efficiency along with en-
gineering or replacing the NV centers’ in diamond solid-state platform, were suggested.

The results related to the second part of the work described in this chapter, which
exhibited high enough SNR to enable dynamics analysis, did not show any kind of super-
radiance. Nevertheless, a variation in the fluorescence decay time was observed among
different samples. This variation was devoted to the surface effects, which could have
been more pronounced for some of the samples. However, the possibility of observing
the single-photon superradiance in NV centers in diamond was not excluded. The only
measurement that theoretically should have shown the single-photon superradiance,
exhibited too low SNR for dynamics analysis. An improvement on the sample design
was suggested and a potential data-acquisition time estimation was done that would
lead to data of a quality enabling dynamics analysis. The estimated 225 days of required
measurement time suggested the necessity of exploring a more efficient platform for
demonstrating single-photon superradiance on a solid-state platform.
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8
SUMMARY

This work was devoted to the problem of light-matter interaction on a single-photon
level. After an introductory part, presenting the context and motivation behind the un-
dertaken scientific research, three chapters of theoretical background were provided.
These chapters were dedicated to the concept of a single photon, to the applied matter
platform together with the useful microscopy techniques, and to the interaction itself.

The research description started with theoretical considerations about the perfor-
mance parameters of an optical microscopy setting that can be used for addressing
a solid-state platform constituting the matter part of the interacting system. Specifically,
a quantum ghost imaging scenario was examined, where quantumly correlated single
photons generated in the process of Spontaneous-Parametric Downconversion (SPDC)
were used for illuminating the sample. A study on the resolution of an imaging setup
prepared in this way was analyzed, and the analytical formulas describing the influence
of the amplitude and phase of the exciting single photon on the resolution were derived.

The research was continued with experimental work focused on the demonstration
of light-matter interaction on a single-photon level in ambient conditions. An SPDC-
based single-photon source was used to prepare single photons and nitrogen-vacancy
(NV) centers in diamond were used as the matter platform. The diamond sample was
placed in a self-built fluorescence microscope, and the SPDC single photons were used
to illuminate it. Typically, the photon-atom interface faces the mismatch problem
between a broad quantum light spectrum and a narrow absorption line of the atomic
medium. Here, the mismatch problem was solved thanks to the phonon sidebands that
broadened the absorption spectrum, and the interaction of the single photons with an
ensemble of NV centers was demonstrated and analyzed. The conducted work enabled
defining experimental improvements to be applied in the consecutive work.

The aim was to switch to lower NV concentration samples enabling addressing
a given number of emitters with single photons. Two experiments, aimed at the in-
vestigation of the interaction of a single photon with a given number of NV centers,
N , were run. Both of them were of high risk. Therefore, due to the limited time, the
obtained results should be treated as preliminary and upon application of the suggested
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improvements can be continued. In the first experiment, a single NV and an ensemble
of two NVs were illuminated by an SPDC-based single-photon source. a time-resolved
measurement was conducted on the emitted fluorescence and a reference infrared
photon, and the obtained histograms were analyzed. It turned out that the main
challenge in this experiment was the low signal-to-noise ratio (SNR) of the obtained
histograms which did not enable dynamics analysis. Nevertheless, the histograms were
still analyzed in order to verify whether any interaction was observed. Although this led
to confusing results, suggesting an external source of disturbance of the measurement
setup that needs troubleshooting, the discussion on the limits and future improvements
in this kind of experiments is beneficial and instructive. In the second experiment,
three different samples were experimentally examined in the context of the emitters’
collective behavior, where only one of them was expected to potentially exhibit the
single-photon superradiance. However, the measurement for this particular sample
under single-photon excitation did not perform high enough SNR to analyze its dy-
namics. An improvement on the sample design was suggested and the data-acquisition
time, leading to the data of a quality enabling dynamics analysis was estimated. The
ridiculous 225 days of constant measurement that were estimated indicate the need to
search for an alternative platform to demonstrate the single-photon superradiance in
solids. In parallel, the dynamics of the three samples were analyzed under coherent
and single-photon excitation, in the cases when the obtained histograms exhibited
sufficiently high SNR. Although any kind of superradiance was not observed there, the
fluorescence dynamics of the investigated samples differed from one another. This was
addressed to surface effects which can influence the fluorescence decay rate of emitters
located close to the surface.

The conducted theoretical research and the obtained results give a better under-
standing of the performance of quantum ghost imaging optical setups, which can be
applied to address e.g. solid-state platforms like NV centers in diamond with single pho-
tons. The following, experimental part, provides a valuable insight into the dynamics
of the NV centers under, among other, single-photon excitation. Especially, the single-
photon excitation of a given number of emitters is interesting in the context of the single-
photon superradiance, where an ensemble of emitters is coherently excited by a sin-
gle photon and in consequence emits light cooperatively at an enhanced rate and in
a distinguished direction. Additionally, the obtained results provide an experimental
framework for the study of the interaction between light and matter in the single-photon
regime along with the details about the limiting factors. As a step forward, research for
a better solid-state platform to demonstrate the single-photon superradiance is planned.
The work that has been done already provides valuable information about its necessary
properties. In parallel, there are plans to improve the single-photon source while ad-
dressing the coupling efficiency as a primary concern.



CO-AUTHORS CONTRIBUTION

STATEMENTS

119



Dr hab. Piotr Kolenderski, prof. UMK            Borówno, 09.08.2023 
Wydział Fizyki, Astronomii I Informatyki Stosowanej
Uniwersytet Mikołaja Kopernika w Toruniu
e-mail: kolenderski@umk.pl
tel. +48 510 459 791

STATEMENT OF COAUTHORSHIP

I hereby declare that my contribution to the paper:

M. Gieysztor, J. Nepinak, C. J. Pugh, P. Kolenderski,  Microscopy with heralded Fock states, 
Optics Express 31 (13), 20629-20640 (2023)

included: initiation of the project, authorship of the very first idea, preparation of the draft 
research plan, acquisition of funds, supervision of the work of the team, and editing the 
manuscript.

I hereby declare that my contribution to the paper:

M. Gieysztor, M. Misiaszek, J. van der Veen, W. Gawlik, F. Jelezko, P. Kolenderski, Interaction 
of  a  heralded  single  photon  with  nitrogen-vacancy  centers  in  a  diamonds,  
Optics Express, 29, 564-570 (2021)

included: initiation of the project, authorship of the very first idea, preparation of the draft 
research plan, acquisition of funds, supervision of the work of the team, and editing the 
manuscript.



dr Marta Misiaszek-Schreyner
1. Creotech Instruments S.A./Quantum

Cryptography & Information Science Specialist
2. Quantum Blockchains Inc./Chief Researcher

Poznań, August 4th, 2023

STATEMENT OF COAUTHORSHIP

I hereby declare that my contribution to the paper:

M. Gieysztor, M. Misiaszek, J. van der Veen, W. Gawlik, F. Jelezko, P. Kolenderski, Interaction
of a heralded single photon with nitrogen-vacancy centers in a diamonds, Optics Express, 29,
564-570 (2021)

Included:

1. Preparation of the single-photon source experimental setup and its characterization.
2. Collection of data (histograms) during experiments with the single-photon source for

NV pumping.



Joscelyn	van	der	Veen	 	 	 	 	 	 				Toronto,	04-08-2023	
Department	of	Physics,	University	of	Toronto,	Toronto,	Canada	

STATEMENT	OF	COAUTHORSHIP	

I	hereby	declare	that	my	contribuDon	to	the	paper:	

M.	Gieysztor,	M.	Misiaszek,	J.	van	der	Veen,	W.	Gawlik,	F.	Jelezko,	P.	Kolenderski,	Interac(on	
of	a	heralded	single	photon	with	nitrogen-vacancy	centers	in	a	diamonds,	OpDcs	Express,	29,	
564-570	(2021)	

Included	assisDng	with	experimental	setup,	data	acquisiDon,	and	dra[ing	supplementary	
materials.	

	

	 	 	 	 	 	 	 ……………………………………………..	
	 	 	 	 	 	 	 	 						Signature



Dr. Christopher Pugh      Brandon, MB, Canada, 11-08-2023 
Newman Theological College, Edmonton, Alberta, Canada 
 
 
 
 
 
 

STATEMENT OF COAUTHORSHIP 
 
 
 
 

I hereby declare that my contribution to the paper: 

M. Gieysztor, J. Nepinak, C. J. Pugh, P. Kolenderski, Microscopy with heralded Fock states, 
Optics Express 31 (13), 20629-20640 (2023) 

Included assisting with the analyitical formula calculations as well as the numerical 
calculations. I also helped with editing the manuscript. I was also involved in discussions 
about the parameters for a realistic setup to use in the calculations. 
 
 
 
 
 
 

        
              Signature 



Joshua C Nepinak      Brandon Manitoba, Date: (09-08-2023) 

Brandon University 

 
 
 
 
 
 

STATEMENT OF COAUTHORSHIP 
 
 
 
 

I hereby declare that my contribution to the paper: 

M. Gieysztor, J. Nepinak, C. J. Pugh, P. Kolenderski, Microscopy with heralded Fock states, 
Optics Express 31 (13), 20629-20640 (2023) 

 
Included laying the groundwork in developing an analytical solution to the biphoton 
propagation. 
 
 
 
 
 
 

                                                                                                  
              Signature 


	Abstract
	Streszczenie
	Acknowledgements
	List of Publications
	Introduction
	Light
	Electromagnetic field quantization and a single photon
	Single-photon sources
	SPDC-based single photon source
	Quality of a single-photon source
	State-of-the-art single-photon sources

	Single-photon detectors

	Matter
	Diamond
	Nitrogen-vacancy centers in diamond
	Microscopy and resolution
	Ghost imaging
	Number of emitters

	Microscopy with heralded Fock states
	Introduction
	Author contribution statement
	Article A2

	Light-matter interaction
	Atom-field interaction
	Quantum description
	Semiclassical description

	Superradiance
	Dicke superradiance
	Single-photon superradiance


	Interaction of a heralded single photon with nitrogen-vacancy centers in diamond
	Introduction
	Author contribution statement
	Article A1

	Single photon – N nitrogen-vacancy centers
	Single photon – single NV
	Experimental setup
	Sample and source characterization
	Fluorescence measurement scheme
	Experimental procedure
	Results

	Towards single-photon superradiance in NV centers
	Experimental setup
	Samples
	Measurement scheme
	Results

	Discussion – lessons learned
	Dynamics analysis
	SNR analysis

	Conclusions

	Summary
	Co-authors contribution statements

